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Abstract

Policy tree search combines the generalization of learned policies with the

deliberation of systematic search, offering a practical route to solving chal-

lenging deterministic single-agent problems where either component alone can

be insufficient. This thesis focuses on first-solution search in sparse-feedback

domains, where the aim is to find any feasible solution efficiently rather than to

optimize solution cost. In this setting, a central challenge in policy tree search

is decision-making about computation: determining, from limited experience

and partial information, where additional search effort is most likely to reduce

time-to-solution or search effort. Rather than treating search control as a fixed

set of heuristics, the thesis positions it as an adaptive capability that should

respond to the properties of the instance being solved.

This thesis develops learning-based principles and methods for allocating

and redirecting search effort in a structure-aware way. The resulting algo-

rithms use distributional runtime prediction to make instance-sensitive restart

decisions, learned subgoals to concentrate computation on informative inter-

mediate states, and learned rerooters to exploit regularities in the underlying

state space without requiring explicit subgoal generation. Across the struc-

tured benchmark domains studied, these contributions improve first-solution

efficiency, yielding policy tree search procedures that adapt their behaviour to

the instance at hand while reducing reliance on brittle hand-designed control

rules.
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Chapter 1

Introduction

We all search, constantly, without thinking much about it. You search for your

keys when you are late, for the right file in a cluttered folder, for a route that

avoids traffic, or for the right words to explain an idea. Even when the “space

of possibilities” is large, we rarely examine everything. Instead, we follow cues,

backtrack when a lead goes cold, and shift attention toward where progress

seems most likely.

Many of the problems we want AI systems to solve have the same charac-

teristics. A solution is not presented directly; it must be found by exploring

alternatives. In its most basic form, this can be modelled as moving through a

space of situations, starting from an initial one, applying rules that transform

the current situation into a new one, and repeating until some goal condition

is satisfied. The result is a path representing a sequence of decisions from start

to goal. In many settings, we do not want just any path, but one that is best

under some cost measure, such as shortest, cheapest, safest, or most reliable.

The principal objective of this thesis is narrower: first-solution efficiency, or

finding any feasible solution with low search effort. Solution cost is measured

in selected experiments, but is not generally optimized or guaranteed.

A large class of AI methods formalize this view through state-space search

[115], where problem solving is reduced to exploring possible action sequences

under a transition model and goal condition. In many applications, the state

space is too large to represent explicitly, so a solver must generate successor

states on demand. As a result, the computational burden is not in defining
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the problem, but in deciding how to explore it efficiently.

Tree search provides a general mechanism for this exploration. Starting

from an initial state, a tree search algorithm incrementally expands partial

solution paths, constructing a search tree whose nodes represent states reach-

able by action sequences. The defining feature of tree search is not that it

enumerates possibilities, since exhaustive enumeration is rarely feasible, but

that it structures deliberation. At each step, the algorithm chooses a fron-

tier node to expand and allocates additional computation to that part of the

tree. This makes tree search broadly applicable across single-agent tasks that

require planning or combinatorial reasoning, including classical planning prob-

lems and puzzle-like domains, where solutions must satisfy hard constraints

and often require long sequences of correct decisions.

The effectiveness of tree search depends critically on search control : the

mechanisms that determine which nodes are expanded, which are deferred,

and when effort is redirected [74]. Search control can take many forms such as

priority functions [42, 83], pruning rules [56], depth or cost limits [55]. In all

cases, its purpose is to concentrate limited computational resources on regions

of the search tree that are most likely to yield progress. This becomes increas-

ingly important as problem difficulty grows, since the number of candidate

paths can increase exponentially with depth.

These challenges are especially pronounced in single-agent “needle-in-the-

haystack” settings. In such problems, solutions may exist but are sparse rel-

ative to the number of plausible trajectories. Many partial plans may appear

locally reasonable yet fail to lead to a goal. Progress may require discover-

ing and committing to narrow bottlenecks in the state space, and errors can

be irreversible, producing deep dead ends that are costly to detect. Conse-

quently, performance is governed less by the ability to generate successors and

more by the ability to allocate and redirect search effort effectively as evidence

accumulates during exploration.

Scope This thesis studies deterministic, single-agent search problems in this

first-solution setting, with sparse or uninformative intermediate feedback. The
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formal results additionally require the assumptions stated with each algorithm,

including finite branching or finite low-cost contours and positive policy proba-

bility for at least one solution path. The empirical evaluation focuses on struc-

tured, predominantly grid-based benchmark domains. The resulting claims do

not extend directly to stochastic or partially observable settings, to objec-

tives requiring optimal or bounded-suboptimal solutions, or to problems in

which the policy assigns zero probability to every solution path. As with

other learned search-control methods, the models may also fail to generalize

under distribution shift.

These considerations motivate the central question of this thesis: how

should search effort be allocated and redirected effectively in challenging single-

agent domains?

Research Questions This thesis addresses the following questions:

1. Can predictions of randomized search outcomes improve instance-specific

restart decisions?

2. Can failed search trees provide useful training signal for policies that use

intermediate structure?

3. Can state-space structure guide the redirection of search effort without

explicit subgoal generation?

4. Under what conditions do these mechanisms improve coverage, expan-

sion efficiency, or time efficiency?

1.1 Contributions and Thesis Outline

This thesis focuses on policy tree search, a family of tree search algorithms

that use a policy — that is, a probability distribution over actions — to guide

the search. This thesis argues that a central challenge in the setting studied

here is not only learning useful guidance, but deciding how that guidance

should be used to control computation: when search should continue, when it

should restart, and where additional effort should be redirected. It develops
3



learning-based methods for making these decisions in an instance-sensitive

and structure-aware way, enabling policy tree search to adapt its focus to

the problem being solved and reduce reliance on brittle hand-designed control

rules. The methods are evaluated on harder benchmark variants within the

setting described above.

This thesis makes three primary contributions:

1. It develops distributional prediction methods for randomized-algorithm

outcomes and applies them to predict instance-dependent successful-

rollout depths for restart control.

2. It extends policy-guided search with learned subgoals that induce a hier-

archical decomposition of the task, allowing search to concentrate effort

on informative intermediate states and improving training efficiency in

sparse-reward domains.

3. It introduces learned rerooters that redirect policy tree search using

structural signals derived from the underlying state space. This pro-

vides a complementary, lower-overhead mechanism for exploiting struc-

ture, capturing many of the benefits of decomposition without requir-

ing explicit subgoal generation or reasoning. Rather than generating

and evaluating a set of explicit subgoals and their associated low-level

policies at each node, rerooting assigns a single weight from structural

information available during search.

The rest of this thesis is organized as follows:

• Chapter 2 reviews the background on which policy tree search builds in

practice. It introduces the core concepts of best-first search, heuristics,

and policies, and discusses how these forms of guidance are learned and

used in search algorithms.

• Chapter 3 lays the theoretical and conceptual foundation for policy tree

search and surveys the main algorithmic landscape, including LubyTS,

multiTS, LevinTS, PHS∗, and
√

lts.
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• Chapter 4 introduces Bayes DistNet, a robust neural model for algorithm

runtime-distribution prediction. In the reported low-data comparisons,

the model improves on prior methods, can learn from censored obser-

vations, and provides uncertainty estimates over its predictions. This

chapter is joint work with Michael Buro. It was previously published at

the AAAI Conference on Artificial Intelligence [102].

• Chapter 5 applies Bayes DistNet to LubyTS by using predicted trajectory-

length distributions to make instance-specific restart decisions. The re-

sulting method reduces wasted search effort relative to baseline restart

modifications, especially when the training data are censored.

• Chapter 6 introduces subgoal-guided extensions of LevinTS and PHS∗

in which learned subgoals are used to define a hierarchical policy. The

resulting policy formulation can be trained even when search fails to find

a solution, leading to improved training efficiency. This chapter is joint

work with Michael Buro and Levi Lelis. It was previously published at

the Forty-second International Conference on Machine Learning [103].

• Chapter 7 introduces structure-induced rerooters for
√

lts and provides

an automated method for learning rerooting policies from state-space

structure. It shows how both local and global structural information can

be used to guide rerooting, and it provides a new bound for their additive

combination. This chapter is joint work with Michael Buro, Levi Lelis,

and Laurent Orseau. It was previously published at the Forty-third

International Conference on Machine Learning [104].

• Chapter 8 concludes the thesis by revisiting its central theme of learning-

based search control in policy tree search, summarizing the main contri-

butions, and outlining directions for future work.
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Chapter 2

Background

The contributions of this thesis address decision-making about computation in

policy tree search. In particular, they attempt to answer the question of how

search effort should be allocated and redirected to reduce the computational

effort required to reach a solution or improve the quality of the solution found.

Before presenting these contributions, this chapter reviews the components on

which policy tree search builds in practice, including best-first search, heuristic

and policy guidance, and it highlights how each shapes search control in single-

agent state spaces.

2.1 Single-Agent Search Problems

This thesis considers single-agent deterministic search problems. We define

a single-agent deterministic search problem as the tuple (S,A, Succ, s1,Sg, ℓ),

where S denotes a set of states, A is a finite set of action labels, and Succ is

a deterministic partial transition function. For each state s ∈ S, let

A(s) := {a ∈ A : Succ(s, a) is defined} (2.1)

denote the set of actions applicable in state s. Thus, if a ∈ A(s), then

Succ(s, a) ∈ S is the state obtained by applying action a from state s. The

initial state is given by s1 ∈ S, and Sg is the set of goal states. The function

ℓ : S ×S → R≥0 assigns a non-negative cost ℓ(s, s′) to transitions from state s

to state s′. A (finite) plan is an action sequence a1:t ≜ (a1, . . . , at) such that,

starting from s1, ai ∈ A(si) and si+1 = Succ(si, ai) for all i = 1, . . . , t. The plan
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Figure 2.1: A simple single-agent search problem of a toy road network. Each
city is represented by a node, with weighted edges showing the cost to travel
between neighbouring cities.

a1:t is a solution if the terminal state satisfies the goal condition, i.e., st+1 ∈ Sg.

The cost of a1:t is the cumulative transition cost g(a1:t) =
∑︁t

i=1 ℓ(si, si+1),

which is also referred to as the path cost or g-cost. Unless stated otherwise,

the objective of single-agent search problems is to find a minimum-cost solu-

tion, i.e., a solution with minimal cost among all solutions.

Example 2.1.1. A single-agent search problem is shown in Figure 2.1, which

depicts a small road network. The set of states is S = {A,B,C,D,E,F}, where

each state corresponds to a city (we use “state” and “city” interchangeably in

this example). Travel is only possible along direct routes. An edge (s, s′) ∈ E

indicates that the agent can move directly from s to s′. Each such move incurs

a non-negative cost given by the edge weight, and we denote this by ℓ(s, s′). For

example, traversing the edge from A to C has cost ℓ(A,C) = 4. Unlike domains

with a fixed action set (e.g., grid worlds with {Up,Down,Left,Right}), the

available actions here depend on the current state. Specifically, A(s) = {as→s′ :

(s, s′) ∈ E}, where action as→s′ deterministically transitions the agent to s′.

The initial state is s1 = A, and the goal set is Sg = {F}.

In many domains of interest, the state space is too large to enumerate

explicitly. We therefore assume an implicit representation in which successor

states are generated on demand via the transition model. Search algorithms

differ primarily in how they allocate computation across the resulting (implic-

itly defined) set of partial solution paths.
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2.2 Best-First Search

We now review best-first search as a general search procedure for exploring

such implicitly defined state spaces. Its central organizing principle is the

ordering of frontier nodes by an evaluation function φ, which determines which

node is selected at each iteration. This viewpoint is useful for policy tree

search, where learned guidance typically affects behaviour through the design

of φ and the expansion priorities it induces.

2.2.1 State-Space Graphs and Induced Search Trees

While the underlying problem is defined over a state-space graph whose vertices

are states and whose edges correspond to actions, many domains of interest

have no explicit graph representation available a priori. This setting is often

referred to as implicit graph search, since the reachable portion of the state

space is revealed only through successor generation during search.

It is useful to distinguish a state from a search node. A state represents a

configuration of the environment, whereas a search node represents a particular

partial path (i.e., a sequence of actions) from the initial state. We often use

the phrase “the state represented by node n” to denote the state reached by

executing the action sequence associated with n from the initial state. This

distinction matters because the same state may be reachable via multiple

action sequences, leading to multiple distinct search nodes that correspond

to the same underlying state. This also motivates the distinction between the

A
g=0

B
g=1

C
g=3

D
g=6

C
g=4

B
g=6

D
g=5

E
g=7

Figure 2.2: A search tree representation corresponding to the toy road network
search problem.
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state-space graph and the search tree. The state-space graph contains a single

vertex per state and edges induced by the transition dynamics. In contrast, the

problem induces a conceptual search tree whose nodes correspond to action

sequences: the root corresponds to the empty sequence at the initial state,

and each tree edge corresponds to appending one applicable action to a partial

path. Consequently, the same underlying state can appear multiple times in

the search tree at different nodes. Figure 2.2 illustrates this distinction for the

toy road-network example.

In an implicit setting, the full search tree is not constructed explicitly. In-

stead, it is a conceptual object induced by the problem: its nodes are the finite

applicable action sequences starting from the initial state. A search algorithm

generates only a finite subset of this underlying tree during exploration. At

any point in time, let Nt ⊆ N denote the set of search nodes that have been

generated so far. We refer to generated but unexpanded nodes as the frontier

(or OPEN list), and expanded nodes as the CLOSED set. Thus, OPEN is the

active boundary of the generated portion of the underlying search tree, rather

than necessarily the set of all leaves of Nt. In particular, an expanded node

in CLOSED may also be a leaf of Nt if it has no applicable actions, or if no

children of that node have been generated. In each iteration, a frontier node

n ∈ OPEN is expanded by generating its children: for each applicable action,

the algorithm applies the transition function to the state represented by n and

creates a successor node corresponding to the extended action sequence.

We writeN for the set of search nodes in the underlying search tree induced

by the problem, and n1 for the root node corresponding to the empty action

sequence at the initial state. Thus, N denotes the conceptual set of all finite

applicable action sequences from the initial state, not necessarily the set of

nodes generated by a particular run of a search algorithm. For a node n ∈ N ,

let s(n) denote the state reached by executing the partial action sequence

represented by n. The children of n, written C(n), are the successor nodes

obtained by appending one applicable action a ∈ A(s(n)) to that sequence.

This notation is used in general domains, where the set of actions need not

be the same for every state, as is the case in Example 2.1.1. For the domains
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Algorithm 1 BestFirstSearch
1: Input: Root node n1, evaluation function φ, B budget, goal set N g

2: Output: Solution path, or failure
3: OPEN← {n1}, CLOSED← ∅, expansions← 0
4: while OPEN is not empty and expansions < B do
5: expansions← expansions + 1
6: n← arg min

m∈OPEN
φ(m) ▷ Select node

7: OPEN← OPEN\{n}
8: CLOSED← CLOSED ∪ {n} ▷ Mark expanded
9: if n ∈ N g then

10: return n ▷ Solution state found
11: for each child node n′ ∈ C(n) do
12: g̃ ← g(n) + ℓ

(︁
s(n), s(n′)

)︁
▷ Proposed cost to n′

13: if Consider(n′, g̃) then
14: g(n′)← g̃ ▷ Commit improved path-cost
15: OPEN← OPEN ∪ {n′} ▷ Add to frontier
16: return failure
17: procedure Consider(node n′, proposed cost g̃)
18: ▷ return true if the node is to be considered, false otherwise ◁
19: m← FindByState(OPEN, s(n′)) ▷ node with same state, if any
20: if m ̸= ⊥ then ▷ Previously generated but not expanded
21: if g(m) ≤ g̃ then
22: return false ▷ Existing OPEN node is no worse
23: OPEN← OPEN\{m} ▷ Replace with better path
24: m← FindByState(CLOSED, s(n′)) ▷ node with same state, if any
25: if m ̸= ⊥ then ▷ Previously expanded
26: if g(m) ≤ g̃ then
27: return false ▷ Existing expanded node is no worse
28: CLOSED← CLOSED\{m} ▷ Reopen on improvement
29: return true

considered in this thesis, the set of actions is a fixed set, where all actions

are applicable in all states. We thus use a simplified notation a ∈ A, where

the dependency of the particular state is dropped. Finally, N g := {n ∈ N :

s(n) ∈ Sg} denotes the set of goal nodes in the underlying search tree.

2.2.2 The Best-First Search Framework

The BestFirstSearch procedure [81] provides a general template for implicit

graph search and is summarized in Algorithm 1. It maintains OPEN as a

priority-ordered set of frontier nodes and repeatedly selects the node with min-
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imum evaluation value under an ordering rule given by an evaluation function

φ : N → R, where N denotes the set of search nodes. In each iteration, the

selected node n ∈ OPEN is removed from OPEN and placed into CLOSED,

being marked as expanded, then checked for goal satisfaction. If the node n is

in the goal setN g, then the corresponding solution path is returned. This goal-

on-expansion convention is useful for algorithms such as uniform-cost search

and A∗, where returning a goal when it is selected for expansion supports the

usual optimality argument. In other first-solution settings, the goal test can

instead be performed when a node is generated; for example, an implementa-

tion of Levin Tree Search can return immediately when a generated child is a

goal node, rather than waiting for that child to be selected from OPEN (see

Chapter 3). For a search node n, we write g(n) for the cumulative transition

cost of the partial path represented by n. Thus, g(n1) = 0, and for any child

n′ ∈ C(n), g(n′) = g(n) + ℓ(s(n), s(n′)).

To expand n, the algorithm generates its children C(n) by applying the

transition function for each applicable action. A newly generated child node

n′ may correspond to a state that has been encountered previously. How such

duplicate states are handled is algorithm-dependent; in Algorithm 1, this logic

is abstracted by the procedure consider, which determines whether a gener-

ated node should be inserted into OPEN. For algorithms that maintain best

known path costs to states, such as A∗, consider can check whether a node

representing s(n′) already appears in OPEN or CLOSED. If there already ex-

ists a node in OPEN representing s(n′) with path cost no greater than the

newly discovered cost, then n′ is discarded. Otherwise, the incumbent node in

OPEN is removed and replaced by n′. An analogous check can be performed

for nodes in CLOSED. This often involves a FindByState check to deter-

mine whether OPEN or CLOSED already contains a node representing s(n′).

In practice, this can be implemented efficiently by maintaining auxiliary hash

maps keyed by a canonical representation of the underlying state, giving ex-

pected O(1)-time lookup of previously generated nodes with the same state.

This instantiation of consider is given in the procedure in Algorithm 1. Fi-

nally, the retained child node is added to the frontier by inserting it into OPEN
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if the generated node is to be considered. This replacement-based duplicate

handling is an illustrative graph-search implementation; later policy tree search

algorithms may instead use lazy pruning or other duplicate-handling seman-

tics.

2.2.3 Uninformed Best-First Search

Algorithm 1 defines a general best-first search template in which the next

node to expand is chosen by minimizing an evaluation function φ(n). In the

uninformed setting, φ depends only on information available from the path

constructed so far (e.g ., depth or accumulated path cost). Two standard un-

informed instantiations are breadth-first search and uniform-cost search.

Breadth-first search. Breadth-first search (BFS) [18, 59, 67] expands nodes

in order of increasing depth from the root. Let d(n) denote the depth of node

n, which also corresponds to the number of actions in its associated action

sequence. Note that this is also the canonical notion of depth, where the root

node has a depth of 0. Breadth-first search is obtained from Algorithm 1 by

choosing

φBFS(n) = d(n), (2.2)

together with a FIFO (First-In, First-Out) tie-breaking rule among nodes with

equal depth. Breadth-first search can also move the goal-check into the con-

sider procedure. Intuitively, breadth-first search explores the search tree level

by level. When all step costs are identical (equivalently, when ℓ induces unit-

cost transitions), breadth-first search is complete (i.e. is guaranteed to find a

solution if one exists) for finite branching factor and returns a minimum-depth

solution, which coincides with a minimum-cost solution under unit costs.

Uniform-cost search (UCS). Uniform-cost search [88] generalizes breadth-

first search to settings with non-uniform transition costs by prioritizing nodes

by their accumulated path cost. UCS is obtained by choosing

φUCS(n) = g(n), (2.3)
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so that nodes are expanded in order of increasing path cost. Under non-

negative edge costs, once a node representing a state is selected for expansion

with minimum g-cost among frontier nodes, its g-cost is final, so reopening

expanded states is not required. UCS is equivalent to Dijkstra’s algorithm ap-

plied to an implicitly defined state-space graph [23]. For finite reachable state-

space graphs, this graph-search version is complete and returns a minimum-

cost solution under non-negative transition costs. In unbounded state spaces,

a standard sufficient condition for completeness for finite-cost solutions is that

the branching factor is finite and all transition costs are bounded below by

some ϵ > 0.

Finally, breadth-first search can be seen as the unit-cost specialization of

UCS at the level of the expansion ordering: if ℓ(s, s′) ≡ 1 for all applicable

transitions, then g(n) = d(n), so ordering nodes by increasing path cost is

equivalent to ordering them by increasing depth, up to tie-breaking. The two

procedures may still differ in implementation details. For example, BFS is

often implemented with a goal check when a node is generated, which is safe

in the unit-cost setting, whereas UCS is usually stated with the goal check

when a node is selected for expansion.

2.3 Heuristics as Guidance

Algorithm 1 highlights that search control is fundamentally a decision about

computation, in that at each iteration, the algorithm allocates effort by se-

lecting a node from OPEN according to an evaluation function φ(n). In

uninformed search, φ depends only on quantities accrued along the current

partial plan (e.g ., depth or path cost). In contrast, heuristic search augments

this template with additional information about goal proximity, typically via

a function that estimates remaining cost or effort from a state. This sec-

tion introduces heuristics, surveys how they are traditionally constructed, and

then instantiates the best-first template to recover common heuristic search

algorithms.
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2.3.1 Heuristic Function

A heuristic h : N → R≥0 ∪ {∞} is a node evaluation function that provides

guidance about which parts of the search space are more promising to explore.

It most commonly represents a cost-to-go estimate that approximates the op-

timal remaining cost from a state s to any goal state. Heuristics differ from

the path cost g(n) in that g(n) measures the cost already incurred along the

partial plan that produced n, whereas h(n) estimates the additional solution

cost still required to reach a goal. This separation is useful because it allows

search control to be expressed as different ways of trading off progress so far

versus predicted effort remaining.

While not used directly in this thesis, there are some properties of heuristic

functions which are useful for particular algorithms. Let h∗(n) be the true

minimal cost to a goal node starting in node n, with h∗(n) =∞ if no goal node

is reachable from n. In practice, learned heuristics usually produce finite values

and therefore approximate this extended-valued target. A heuristic h is called

admissible if it never overestimates the true cost-to-go, i.e., h(n) ≤ h∗(n) for

all n. A stronger condition is consistency (or monotonicity), which requires

that h(n∗) = 0 for all goal nodes n∗ and h(n) ≤ ℓ(s(n), s(n′))+h(n′) for every

node n and its child n′. It can be shown that consistency implies admissibility

(see [26], Theorem 1.2).

2.3.2 Designing Heuristics

Heuristics are designed to be cheap because their purpose is to inform how com-

putation is allocated, not to replace computation entirely. Since h is queried

at scale during search, its evaluation cost should remain small, otherwise the

algorithm spends more time predicting which nodes are promising than explor-

ing them. A perfect heuristic would coincide with the optimal cost-to-go h∗,

but obtaining h∗ generally requires solving a problem of comparable difficulty,

eliminating the computational advantage of heuristic guidance. There are a

few broad design paradigms for designing heuristics:
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Rules of thumb and domain knowledge. Heuristic functions can be

hand-crafted by leveraging domain knowledge, such as the number of mis-

placed tiles in the sliding-tile puzzle, or simple deadlock rules in Sokoban (e.g.,

treating a box pushed into a non-goal corner as effectively unsolvable). Such

heuristics can be effective, but they require substantial expertise and may be

brittle when problem structure changes.

Abstractions and relaxations. A systematic approach is to derive heuris-

tics from simplified versions of the problem that can be solved efficiently. This

includes: (i) abstractions, which map the original state-space into a smaller

space, using exact distances there as estimates, and (ii) relaxations, which

remove constraints so that the goal distances become easier to compute. Pat-

tern databases [20, 29] are a prominent example of abstraction-based heuris-

tics, which precompute goal distances for an abstracted subproblem and look

up the resulting value during search time. As a simple relaxation example,

in 2D grid pathfinding one can ignore obstacles (i.e., treat blocked cells as

traversable), yielding Manhattan distance to the goal as an efficient estimate.

Learned heuristics. Modern systems increasingly learn heuristic guidance

from data. A learned heuristic typically approximates h∗(s) or another proxy

signal (e.g., expected remaining steps, probability of solvability, or a bounded

suboptimal cost-to-go), using supervised learning from solved instances [30],

bootstrapping from search traces [6, 7], or reinforcement learning [2, 3]. Learned

heuristics can provide strong guidance in complex domains where handcrafted

abstractions are hard to design. However, they usually do not satisfy admis-

sibility by default, so their role is often to improve efficiency rather than to

preserve strict optimality guarantees.

2.3.3 The Bootstrap Process

This subsection gives a more thorough treatment of the Bootstrap process,

which will be used extensively to learn heuristics and policies in later chapters.
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Algorithm 2 The Bootstrap Process
1: Input: Initial budget B0, training problems N T , validation problems N V ,

search algorithm S, neural policy/heuristic models Θ
2: solved← ∅
3: for t = 0, 1, . . . do
4: for each n1 ∈ N T do
5: result← S(n1,Θ, Bt) ▷ Perform budgeted search
6: if result ̸= timeout and result ̸= no_solution then
7: solved← solved ∪ {n1}
8: update Θ using solution trajectory from result
9: if all n1 ∈ N V solved by S(n1,Θ, Bt) then

10: break ▷ Bootstrap complete
11: choose budget Bt+1

The Bootstrap algorithm [7] learns a neural policy and/or heuristic func-

tion from search. The initial policy/heuristic is represented by a randomly

initialized neural network, and they are improved in each iteration as follows.

A search algorithm using the current neural model runs on a subset of the

training problem instances with a bound on the number of node expansions

allowed for each problem. Problems that are solved have their solution trajec-

tory used to update the models, and the process continues. After every sweep

through a set of training problems, a separate validation set is used to deter-

mine when to stop. If the search can solve all problems from the validation set,

then the training is complete and the neural model is returned. If the search

cannot make any meaningful progress after a sweep of the training set, the ex-

pansion budget is increased. Naïvely doubling the budget only when no new

problems are solved is one possible update rule, but it can be slow when the

current budget solves a small number of additional problems on each sweep.

In that case, the algorithm is making progress, so the budget is not increased,

but the progress may be too slow to efficiently solve the remaining training

instances. Another option, which is what is used throughout this thesis, is to

follow the budget update schedule in [76] where if less than a factor (1 + b) of

problems are solved at any iteration t compared to the previous iteration, then

the budget is updated to Bt+1 = 2Bt+T
+
t /s

−
t , where T+

t is the total number of

expansions of solved problems at iteration t and s−t is the number of remaining
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unsolved problems at iteration t. See Algorithm 2 for its pseudocode.

The motivation for this update rule is that making any progress is not

always enough evidence that the current budget is appropriate. For example,

suppose Bt = 1,000, the training set currently has 100 unsolved problems, and

one sweep solves only one additional problem. A rule that increases the budget

only when no new problems are solved would keep the budget fixed at 1,000,

even though at this rate many sweeps may be needed before the remaining

problems become solvable. By contrast, the update above treats such slow

progress as a signal that the search budget should increase. If the solved

problems in the sweep required T+
t = 99,000 total expansions and s−t = 99

problems remain unsolved, then the update gives

Bt+1 = 2Bt +
T+
t

s−t
= 2,000 + 1,000 = 3,000.

Thus, the budget is increased even though some progress was made. The term

2Bt provides a coarse increase in search depth, while T+
t /s

−
t uses the observed

expansion cost of recently solved problems to scale the increase according to

the number of remaining unsolved instances.

2.3.4 Heuristic Search

In Algorithm 1, heuristic guidance is incorporated by choosing evaluation func-

tions φ(n) that depend on a cost-to-go estimate h(n) in addition to path in-

formation such as g(n) or depth.

Greedy best-first search (GBFS). Greedy best-first search [25] prioritizes

nodes that appear closest to the goal under the heuristic:

φGBFS(n) = h(n). (2.4)

GBFS is often effective when h strongly correlates with true goal proximity,

but it can commit to misleading regions of the state space when the heuristic

is inaccurate.
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A∗ search. A∗ search [42] balances the cost accumulated thus far with the

predicted remaining cost:

φA∗(n) = g(n) + h(n). (2.5)

With a goal test on expansion, an admissible h, and the standard finiteness

conditions stated above for UCS, A∗ returns an optimal finite-cost solution [42].

When h is consistent, A∗ only expands nodes it has found an optimal path

to, and therefore never needs to reopen a closed node. Consistency eliminates

reopening but does not dictate how duplicates in OPEN are represented. In

a keyed OPEN implementation such as Algorithm 1, an unexpanded node is

replaced when a better path is generated. Alternatively, a lazy implementation

may retain multiple OPEN entries and discard an entry when it is selected if

its state has already been expanded.

Weighted variants. When solution quality can be traded for speed, a com-

mon relaxation is Weighted A∗ search (or WA∗) [83]:

φWA∗(n) = g(n) + w · h(n), (2.6)

where w > 1, which biases the search more strongly toward heuristic guidance.

WA∗ does not guarantee an optimal solution; instead, with an admissible

heuristic it provides a bounded-suboptimality guarantee where the solution

found is no more than w times the optimal solution cost [83]; see also Thayer

and Ruml [100] for a concise modern presentation of this argument.

2.4 Policies as Guidance

Algorithm 1 likewise helps clarify the role of policies in search. As with heuris-

tics, the expansion decision depends on the information used to prioritize can-

didates, but policies provide a different kind of signal. Rather than estimating

how far a state is from a goal, a policy expresses preferences over which actions

appear most promising from the current state. This section introduces poli-

cies, reviews how they are designed or learned, and then discusses the main

ways they can be incorporated into search.
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2.4.1 Policy Function

A policy π : S × A → R is a mapping that assigns preferences to actions

available in a state, which is written as π(a | s) where a ∈ A(s), π(a | s) ≥ 0,

and
∑︁

a∈A(s) π(a | s) = 1. Thus, π(· | s) is a probability distribution over the

actions applicable in state s.

Unlike a heuristic or cost-to-go function, which estimates how much cost

remains before reaching a goal, a policy assigns local preferences to the actions

available in the current state. Its purpose is therefore not to predict the

remaining solution cost, but to bias computation toward actions that are more

likely to lead to progress. Action ranking is important, but for Levin-style

search the usefulness of a policy also depends on probability scale and support:

path probabilities multiply along a trajectory, so equally ranked policies can

induce very different search orders and bounds. Later, when working directly

in the induced search tree, we will equivalently view the policy as a distribution

over child nodes, writing π(n′ | n) := π(a | s(n)) where n′ = na is the result

of applying action a to node n.

2.4.2 Designing Policies

As with heuristics, the practical goal in designing a policy is not to recover

an ideal decision rule exactly, but to obtain a source of guidance that is sub-

stantially cheaper to evaluate than the search effort it helps direct. The policy

serves as a compact rule for assigning local preferences to available actions,

ideally capturing enough structure about promising decisions.

In reinforcement learning, one common route is value-based learning, in

which action values are estimated and the policy is induced by favouring ac-

tions with high estimated return, as in Q-learning [106]. Another is direct

policy optimization, in which the policy itself is parameterized and updated so

as to increase expected return, as in REINFORCE and related policy-gradient

methods [107]. These two perspectives differ in whether one first learns action

values and derives a policy from them, or instead optimizes the policy di-

rectly, but both provide general mechanisms for constructing action-selection
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rules from experience.

Policies can also be learned from demonstrations. In imitation learning, the

policy is trained to reproduce expert decisions [9, 84]. In inverse reinforcement

learning, demonstrations are used to infer a reward or cost representation, from

which a policy is obtained by solving or approximating the induced control

problem [72]. For the purposes of search, these approaches provide a way to

train policies that encode useful action preferences without manually specifying

them by hand.

2.4.3 Policies in Search

Policies are used in a variety of search procedures beyond policy tree search.

One important example is Monte Carlo Tree Search (MCTS), where simula-

tions from a frontier node are completed using a default policy [15, 54]. In

the simplest case this rollout policy may be random, but a more informative

policy can steer simulations toward more promising action sequences [93]. A

second example is beam search in sequence modelling. There, a model defines

a distribution over the next symbol given the current partial output, and beam

search repeatedly extends partial hypotheses while retaining only the highest-

scoring continuations [97]. In this sense, the model acts as a policy over local

continuations, and search uses those policy scores to decide which branches of

the exponentially large sequence space remain under consideration.

Taken together, these examples illustrate a broader point: a policy need

not define a standalone reactive controller. It can also act as a computational

guide inside a larger search procedure, shaping successor ordering, sampling,

rollout behaviour, or frontier prioritization. Moreover, because a policy in-

duces probabilities over action sequences, it can support search guarantees

stated in terms of the probability mass assigned to solution paths, such as

upper bounds on the amount of the search tree that must be explored before

reaching a solution. This computational role of policies is the one most rel-

evant for the present thesis and motivates the policy-guided search methods

developed in later chapters.
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Chapter 3

Foundations of Policy Tree Search

Chapter 2 introduced the background needed for the present thesis, including

the role of policies as a source of learned guidance in search. This chapter

turns to policy tree search itself. It develops the perspective adopted in this

thesis, explains the setting in which policy tree search arises, and surveys the

major forms these methods take.

3.1 A Place for Policy Tree Search

Policy tree search emerged from the convergence of several lines of work. It

draws on the use of policies as local guidance, on search procedures built

for making good decisions under limited computation, and on the practical

difficulty of deterministic domains where useful feedback is scarce and solutions

may lie deep in the tree. This section traces that convergence and shows why

it opens space for a distinct family of methods.

3.1.1 The Road to Policy Tree Search

Policy tree search emerged from combining ideas that had largely developed

separately. Monte Carlo Tree Search showed that policies could be integrated

effectively into tree search, particularly in stochastic and adversarial settings

with complete information. UCT-like rules have asymptotic guarantees under

their stated tabular tree-search assumptions [54, 87]. Practical PUCT-based

systems such as AlphaGo [94] and MuZero [90] combine policies with learned

value estimates and, in the latter case, learned models; the corresponding
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guarantees do not automatically extend to function approximation, learned

models, or finite search. These distinctions become especially important in

the deterministic first-solution setting considered here, where the goal is to

find any solution (not necessarily the optimal solution) and value estimates

may remain uninformative until a solution is reached.

3.1.2 Why Sampling is not Enough

Deterministic single-agent search, by contrast, has been shaped primarily by

heuristic methods for goal-directed search. This thesis is concerned with a par-

ticularly difficult subset of these problems often referred to as needle-in-the-

haystack domains, in which finding even a single solution is challenging. For

this setting, the sampling procedure used in MCTS is often poorly matched

to the task. In sparse-reward problems with little informative intermediate

feedback, unsuccessful partial trajectories may all receive similarly uninforma-

tive evaluations. MCTS can then spend substantial effort reallocating sam-

ples among many competing branches without obtaining the signal needed to

commit search deeply along the rare trajectory that leads to a solution [68].

Incorporating a policy prior, as in PUCT, can improve the initial ranking of

actions, but it does not fundamentally resolve this issue in that the search still

relies on repeated sampling to separate branches by estimated value. When

those estimates remain uninformative until a full solution is reached, even a

strong prior may only bias how effort is spread across shallow alternatives

rather than induce the depth-focused behaviour needed for rapid first-solution

discovery. This limitation points toward the need for search-control mecha-

nisms that are more directly aligned with first-solution search in deterministic

domains. What is needed, then, is a way to use learned guidance without

waiting for value estimates to become informative.

3.1.3 Following Probability Mass

It is in this context that policy tree search was introduced. Rather than using

a policy primarily to sample rollouts or support value estimation, policy tree

search treats the policy itself as the central source of search guidance. In this
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sense, it can be viewed as a form of heuristic search in which a policy replaces

the heuristic as the main learned input to the search procedure. The key

advantage of this perspective is that, at each fixed depth, a policy defines a

probability distribution over action-sequence prefixes. This makes it possible

to reason directly about the search effort required to discover a solution: one

can derive bounds on the number of node expansions in terms of the prob-

ability assigned to solution trajectories. These guarantees are qualitatively

different from the classical guarantees associated with value-based guidance.

In heuristic search, theoretical analysis is usually expressed in terms of the

ordering induced by estimated costs, together with properties such as com-

pleteness, optimality, or bounded suboptimality. For example, methods such

as A∗ are characterized by which states must be expanded under the f -value

ordering relative to the cost of an optimal solution, so the effectiveness of the

guidance is understood through how well estimated cost-to-go values priori-

tize states. Policy tree search offers a different perspective. Because a policy

assigns probability mass to action-sequence prefixes, search effort can instead

be related directly to the first-hitting probability mass of trajectories that

reach a goal. Thus, rather than analyzing guidance through the accuracy of

state-based value estimates, policy tree search analyzes guidance through how

probability mass is allocated over solution paths.

3.2 Notation

Before introducing the main policy tree search algorithms, we briefly fix the

node and tree notation used throughout this chapter and the remaining thesis.

We build on the search-tree notation introduced in Chapter 2 and restate only

the parts needed here for readability. As in Chapter 2, a node n ∈ N represents

a partial action sequence from the root n1, and d(n) denotes its depth with

d(n1) = 0. The children of n are C(n) := {na | a ∈ A(s(n))}, where na

denotes the node obtained by appending action a to the sequence represented

by n. The set of goal nodes is given by N g. For a node n, anc(n) denotes its

set of ancestors and anc+(n) := anc(n) ∪ {n}. Similarly, desc(n) denotes its
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set of descendants and desc+(n) := desc(n) ∪ {n}. We also use the notation

n′ ≺ n for n′ ∈ anc(n), and n′ ⪯ n for n′ ∈ anc+(n).

The policy introduced in Chapter 2 can equivalently be viewed as a dis-

tribution over child nodes. Specifically, for a child n′ ∈ C(n), define π(n′ |

n) := π(a | s(n)), where n′ = na is the result of applying action a to node

n. This induces probabilities over paths in the search tree. For nodes n ⪯ n′,

let π(n′ | n) denote the probability of generating the suffix path from n to n′

under π, with π(n | n) = 1. Equivalently, if n = ni ⪯ ni+1 ⪯ · · · ⪯ nj = n′ is

the path from n to n′, then

π(n′ | n) =
j−1∏︂
k=i

π(nk+1 | nk). (3.1)

If n ⪯̸ n′, define π(n′ | n) = 0. For convenience, we write π(n) := π(n | n1)

for the probability of the full root-to-n path. When π(n) > 0, the suffix

probability also satisfies

π(n′ | n) = π(n′)

π(n)
. (3.2)

We allow policies to assign zero probability to some actions. A node n′ is said

to be policy-reachable from n if π(n′ | n) > 0, and n′ is policy-reachable from

the root if π(n′) > 0.

A set of nodes is prefix-closed if, whenever it contains a node, it also con-

tains every ancestor of that node. Since nodes correspond to partial action

sequences, this is equivalent to requiring that every prefix of a represented

node sequence is also contained in the set. A search tree T ⊆ N can now be

characterized as any prefix-closed set of nodes such that, if n ∈ T ∩ N g, then

no descendant of n belongs to T . The leaves of T are denoted by L(T ), i.e.,

the nodes in T with no descendants in T . We overload ℓ(n) slightly: as in

Chapter 2, ℓ(s, s′) denotes the transition cost in the underlying state space,

while in this chapter ℓ(n) denotes the cost incurred when expanding node n.

For a search algorithm S, define L(S, n) as the cumulative expansion cost in-

curred up to and including the expansion of n. In the unit-cost case ℓ(n) ≡ 1,

L(S, n) reduces to the number of node expansions.

The thesis uses the resource-accounting conventions in Table 3.1. They
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Table 3.1: Resource-accounting conventions used throughout this thesis.

Measure Counted quantity

Sampled transition One policy-selected action during a rollout.
Generated node Creation of a child search-tree node.
Node expansion Selection of a search-tree node for

expansion and successor processing.
Node visit A node expansion in the

√
lts literature.

Search loss L(S, n) Sum of the specified expansion losses; it
equals the number of node expansions only
when ℓ(n) ≡ 1.

Aggregate computation time Sum of computation time across problem
runs and worker threads.

Wall-clock time Elapsed real time for an experiment; it is
not summed across worker threads.

distinguish work performed by rollout-based methods from work performed

by best-first methods and from elapsed experiment time.

3.3 Sampling-Based Policy Tree Search

The most direct way to use a policy for first-solution search is to sample

trajectories from it. If the policy assigns substantial probability mass to

goal-reaching trajectories, then repeated sampling already provides a plau-

sible search strategy. Unlike MCTS-style methods, the policy is no longer

used merely to bias rollouts whose values must later be estimated and com-

pared. Instead, the policy itself determines which trajectories are likely to

be explored. This makes it possible to analyze search effort in terms of the

cumulative probability mass assigned to solutions.

For the sampling-based algorithms in this section, we count search effort in

units of sampled transitions. Thus, a call to sample_trajectory with depth

parameter d has budget at most d: the initial check of the root node is treated

as bookkeeping and is not charged as a sampled transition. This convention

matches the depth parameter used by the restart schedules below. In the best-

first algorithms introduced later, search effort will instead be counted in the

usual way by expanded search-tree nodes. Throughout this section, L(S, n∗)
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Algorithm 3 sample_trajectory
1: Input: Root node n1, policy π, depth d, goal set N g

2: Output: Solution path, or failure
3: n← n1

4: if n ∈ N g then
5: return n
6: for i = 1, . . . , d do
7: if A(s(n)) = ∅ then
8: return failure
9: a ∼ π(· | n) ▷ Sample action according to policy

10: n← na ▷ Extend sampled path by action a
11: if n ∈ N g then
12: return n
13: return failure

is interpreted under the sampled-transition cost convention described above.

The sampling procedure is outlined in Algorithm 3. Since nodes correspond

to sequences of actions from the root, we use the notation na to represent the

child node of n as a result of applying action a.

Before introducing two sampling-based policy tree search algorithms, we

first introduce some shared notation that will be used to provide bounds on

the expected number of sampled transitions required to find a solution. Let

Gd := {n ∈ N g : d(n) ≤ d and anc(n) ∩N g = ∅}, (3.3)

π+
d :=

∑︂
n∈Gd

π(n). (3.4)

If π+
d = 0, then no first-hitting goal node in Gd is reached with positive prob-

ability by a policy-generated trajectory of depth at most d. Thus, Gd is the

set of first-hitting goal nodes reachable in at most d steps, and π+
d is the

probability that a policy-generated trajectory reaches a goal within at most d

steps.

3.3.1 Fixed-Depth Sampling: multiTS

A simple form of this idea is to sample trajectories up to a fixed depth bound

and repeat until a solution is found. When a useful upper bound on a so-

lution depth dmax is known, such repeated sampling can exploit the cumula-
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Algorithm 4 multiTS
1: Input: Root node n1, policy π, budget B, depth dmax, goal set N g

2: Output: Solution path, or failure
3: while B > 0 do
4: d← min(dmax, B) ▷ rollout length budget allows
5: r ← sample_trajectory(n1, π, d,N g)
6: if r is not failure then
7: return r ▷ Solution path
8: B ← B − d ▷ Update remaining budget
9: return failure

tive probability mass of all goal-reaching trajectories within that horizon. In

particular, this strategy can be effective when many different solution paths

exist, each with modest individual probability. This strategy is captured by

the multiTS algorithm [78], and is given in Algorithm 4. It repeatedly calls

sample_trajectory, so long as the total budget permits.

From this simple algorithm, we can already start to provide bounds on the

search effort in terms of sampled transitions. Due to the sampling nature of

multiTS, the bound is given in expectation.

Theorem 3.3.1 (Orseau et al. [78], Theorem 4, adapted). If π+
dmax

> 0, the

expected number of sampled transitions multiTS requires before returning a

(random) first-hitting goal node n∗ ∈ Gdmax ⊆ N g is bounded by

E [L(multiTS, n∗)] ≤ dmax

π+
dmax

. (3.5)

If π+
dmax

= 0, no finite bound of this form is possible.

The proof is given in Appendix A.1. The difficulty is that in most search

problems, an appropriate depth bound is not known in advance. If the bound

is too small, all solutions may be excluded; if it is too large, computation may

be wasted on trajectories far longer than necessary.

3.3.2 Unknown Depth and Universal Restarts: LubyTS

Luby Tree Search (LubyTS) [78] addresses this difficulty by combining policy-

guided trajectory sampling with a universal restart schedule. Rather than
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Algorithm 5 LubyTS
1: Input: Root node n1, policy π, budget B, goal set N g

2: Output: Solution path, or failure
3: i← 1
4: while B > 0 do
5: d← min(A6519(i), B) ▷ rollout length budget allows
6: r ← sample_trajectory(n1, π, d,N g)
7: if r is not failure then
8: return r ▷ Solution path
9: B ← B − d ▷ Update remaining budget

10: i← i+ 1
11: return failure

committing to a single sampling depth, it allocates trials across depths in a

way that remains effective when the relevant solution depth is unknown.

To motivate LubyTS, consider a randomized procedure ρ whose halting

time is random and distributed according to some unknown distribution p,

where halting corresponds to solving the underlying problem. The objective

is to design a restart schedule that runs ρ multiple times with varying time

limits so as to minimize the total expected computation before halting. If ρ

were known, then the best strategy would be to restart ρ repeatedly with a

fixed cutoff tp chosen specifically for that distribution: each run is allowed to

continue for at most tp steps, after which it is terminated and restarted if it

has not already halted. Luby et al. [64] showed that this fixed-cutoff strategy

is optimal (up to constant factors). Luby et al. also introduced a universal

restart strategy based on a sequence of running times known as A1821051:

1 1 2 1 1 2 4 1 1 2 1 1 2 4 8 1 1 2 1 1 2 4 1 1 2 1 1 2 4 8 16 1 1 2 ...

Universal restart strategies repeatedly return to small cutoffs, but also

periodically try larger powers of two. It can be seen as a strategy which

hedges across all possible solution depths. Orseau et al. [78] proposed to use

a sequence A65192 instead:

1 2 1 4 1 2 1 8 1 2 1 4 1 2 1 16 1 2 1 4 1 2 1 8 1 2 1 4 1 2 1 32 1 2...
1https://oeis.org/A182105
2https://oeis.org/A006519
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noting that it is simpler to compute using A6519(n) := ((n XOR (n−1))+1)/2.

LubyTS, which is given in Algorithm 5, follows this strategy, repeatedly calling

sample_trajectory using depths from A6519, so long as the budget permits.

Similar to multiTS, a bound on the search effort in terms of sampled transitions

for LubyTS is given as an expectation.

Theorem 3.3.2 (Orseau et al. [78], Theorem 6, adapted). The expected num-

ber of sampled transitions LubyTS requires before reaching a (random) first-

hitting goal node n∗ ∈ Gd ⊆ N g is bounded by

E[L(LubyTS, n∗)] ≤ min
d∈N1

π+
d >0

d+
d

π+
d

(︃
log2

d

π+
d

+ 6.1

)︃
. (3.6)

If there is no d such that π+
d > 0, then the policy assigns zero probability to

every finite-depth goal-reaching trajectory, and the theorem provides no finite

guarantee.

The proof is given in Appendix A.2. The bound for LubyTS incurs an

extra logarithmic overhead compared to multiTS as a result of adapting to

the unknown depth. This makes LubyTS attractive in settings where solutions

are numerous and their collective probability mass is large, even if no single

solution trajectory is especially likely.

Sampling methods show that a policy can be used directly to guide first-

solution search, without relying on value estimates to become informative.

Their strength is that they can exploit the cumulative probability mass of

many solution trajectories, and LubyTS in particular avoids committing to a

single depth bound. At the same time, they allocate computation at the level

of complete sampled trajectories, so unsuccessful trials provide only limited

reusable structure. This suggests a second family of policy tree search methods

in which the policy is used not to sample trajectories, but to determine which

frontier node should be expanded next.

3.4 Best-First Policy Tree Search

This leads to the best-first view of policy tree search. Rather than drawing

complete trajectories from the policy, one can use the policy to order nodes in
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Figure 3.1: A search tree showcasing pitfalls of using path probabilities for the
cost function in best-first search.

an explicit search tree. A natural first attempt is to expand nodes in decreasing

order of path probability, or equivalently in increasing order of the cost φπ(n) =

1/π(n). However, path probability alone is not sufficient, because it ignores

the amount of search effort already required to reach a node. As a result,

highly probable prefixes can dominate the search indefinitely even when they

do not lead efficiently toward a goal.

Example 3.4.1. Consider the example tree in Figure 3.1. The subtree rooted

in B is an infinite chain in which each edge has a conditional probability of

1, so every node n on that branch has a path probability of π(n) = 1/2, and

therefore cost φπ(n) = 2. The subtree rooted in C, by contrast, is an infinite

binary tree in which each child has conditional probability 1/2. Hence a node

n in that subtree at depth d(n) has path probability π(n) = 2−d, so every

node below depth 1 in the right subtree has cost strictly greater than 2. Thus,

after expanding B and C, a best-first search ordered by φπ(n) will continue

selecting nodes from the left chain, since they always have a lower cost than

any deeper node in the right subtree. If the goal nodes n ∈ N g all lie in the

right subtree below depth 1, then a search never expands a goal node, despite

those nodes having non-zero probability.
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3.4.1 Levin Tree Search

Levin tree search (LevinTS or LTS) [78] addresses this failure of pure proba-

bility ordering by balancing path probability against path length. Rather than

ordering nodes solely by π(n), it also incorporates the node depth to account

for nodes which increase in depth but remain constant in path probability.

Definition 3.4.2. The Levin cost or LTS cost is given by

φLTS(n) =
d
π
(n) =

d(n)

π(n)
. (3.7)

When π(n) = 0, we define d
π
(n) = +∞. Thus, only policy-reachable nodes

have finite Levin cost.

LTS is a best-first search algorithm using φLTS as the evaluation function,

and is given in Algorithm 6. In the example in Figure 3.1, the added depth

term ensures that the infinite left branch does not retain constant priority

forever. Its nodes become progressively less favourable with depth, and nodes

in the right subtree are therefore eventually expanded. Furthermore, the Levin

cost φLTS is a monotone cost function.

Theorem 3.4.3 (Orseau et al. [78], Theorem 2, adapted). Let c(n) = d(n)/π(n)

when π(n) > 0, and c(n) = +∞ when π(n) = 0. Then c is a monotone cost

function, i.e., if n′ ∈ C(n) then c(n′) ≥ c(n).

Proof. Let n′ be a child of n. Then, d(n′) = d(n)+1 and π(n′) = π(n)π(n′ | n),

with 0 ≤ π(n′ | n) ≤ 1. If π(n) = 0, then π(n′) = 0, so both c(n) and c(n′)

are +∞ under the convention above. If π(n) > 0 but π(n′ | n) = 0, then

π(n′) = 0, so c(n′) = +∞ ≥ c(n). Finally, if π(n) > 0 and π(n′ | n) > 0, then

c(n′) =
d(n) + 1

π(n)π(n′ | n)
≥ d(n) + 1

π(n)
≥ d(n)

π(n)
= c(n).

Hence, the cost cannot decrease from a node to any of its children, and so c is

monotone. ■

Intuitively, LTS prefers nodes that are both likely under the policy and

reachable by short prefixes, preventing the search from being dominated by
31



Algorithm 6 Levin Tree Search (LTS)
1: Input: Root node n1, budget B, goal set N g

2: Output: Solution path, or failure
3: return BestFirstSearch(n1, φLTS, B,N g)

highly probable but unproductive branches. In deterministic domains, this

yields a systematic best-first policy-guided search procedure with a bound on

the number of node expansions before reaching a goal.

Theorem 3.4.4 (Orseau et al. [78], Theorem 3, adapted). The number of node

expansions LTS requires before reaching the goal node with minimal Levin cost

n∗ ∈ N g is bounded by

L(LTS, n∗) ≤ 1 +
d(n∗)

π(n∗)
. (3.8)

The bound is finite only when the selected goal node n∗ is policy-reachable,

i.e., when π(n∗) > 0. The proof is given in Appendix A.3.1. Theorem 3.4.4

shows that the Levin cost is not merely a priority rule. For a goal node n∗, the

quantity φLTS(n
∗) upper-bounds the amount of search effort required to reach

that node. In this sense, the evaluation function serves as a proxy for first-

solution search effort rather than an unrelated priority score. This perspective

will be important in later sections in this chapter which derive other cost

functions and bounds for various extensions of policy tree search.

State Pruning The state pruning checks in BestFirstSearch (Algorithm 1)

need to be modified for LTS to ensure nodes are expanded in best-first order

and their lowest cost first.

Theorem 3.4.5 (Orseau et al. [78], Theorem 2, adapted). Assume the search

problem is deterministic and the policy is state-based. Let n,m ∈ N be two

nodes that represent the same state s. Suppose that

d(m) ≤ d(n) and π(m) ≥ π(n).

Then n can be safely pruned for LTS: for every descendant n′ ∈ desc(n),

there exists a corresponding descendant m′ ∈ desc(m), obtained by following
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the same action suffix from m that leads from n to n′, such that m′ and n′

represent the same state and d
π
(m′) ≤ d

π
(n′). In particular, if n′,m′ ∈ N g,

pruning n cannot remove a solution whose d
π

cost is smaller than all solutions

still reachable through m.

The proof is in Appendix A.3.2, along with Algorithm 15 which provides the

lazy state pruning check which is done when nodes are removed from OPEN.

The overhead for state pruning is a map where the keys are the previously

expanded states and the values are a retained (d, π)-pair for that state, where

pruning is permitted only when the retained pair has no greater depth and no

smaller path probability.

The given pruning rule allows the search to prune redundant nodes while

keeping the LTS guarantees. In practice, however, it is common to prune nodes

during expansion if a node representing the same state has been previously ex-

panded. While the theoretical guarantees no longer hold, the implementation

is simpler and has a smaller computation cost per expansion, and is what is

used throughout the thesis.

Numerical Stability The path probabilities π(n) may decrease exponen-

tially with depth, which can lead to numerical underflow. Since applying a

monotone transformation preserves the expansion order induced by the evalu-

ation function, it is often preferable to compute Levin-style costs in log-space:

lnφLTS(n) = ln d(n)− ln π(n).

The root is handled separately and expanded first; the log-space expression

applies only to non-root nodes, for which d(n) > 0. Moreover, if n′ is a

child of n, then the log-path probability can be updated incrementally as

ln π(n′) = ln π(n) + lnπ(n′ | n). If π(n) = 0, the node is assigned infinite

Levin cost; the log-space formula is used only for nodes with π(n) > 0.

3.4.2 Policy-Guided Heuristic Search

LTS shows that a policy can do more than guide sampling: it can induce

a systematic best-first ordering over explicit search nodes, with guarantees
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stated directly in terms of the policy mass assigned to a solution path. Yet

LTS remains policy only. In many deterministic domains, however, heuristic

estimates of remaining difficulty can also be highly informative, as discussed in

Chapter 2. This suggests a natural extension: rather than choosing between

policy guidance and heuristic guidance, one can ask whether both can be

combined within a single best-first policy tree search procedure, while still

analyzing performance in terms of search effort rather than solution cost. This

is the perspective taken by Policy-Guided Heuristic Search (PHS) [79], of which

PHS∗ is the more aggressive variant.

Policy-guided Heuristic Search extends LTS by augmenting the LTS cost

function with an explicit heuristic factor. To help in this discussion, we intro-

duce a new term for the cost of expanding nodes along a path. Note that this

is distinct from the depth d(n) and the transition cost along a path g(n).

Definition 3.4.6. The cumulative expansion cost along the path from n1 to

n, including the expansion of n itself, is given by

gℓ(n) :=
∑︂

n′∈anc+(n)

ℓ(n′) (3.9)

In its general form, PHS evaluates nodes using

φPHS(n) = η(n)
gℓ(n)

π(n)
, (3.10)

where gℓ(n)/π(n) plays the same role as in the Levin cost with gℓ(n) general-

izing to non-unit expansion losses, and η(n) ≥ 1 uses heuristic information to

rescale this quantity toward the search effort required to reach a descendant

solution. As with LTS, nodes with π(n) = 0 are assigned infinite PHS cost

whenever gℓ(n) > 0. In the unit expansion-loss setting, this means that every

zero-probability node has infinite PHS cost. When ℓ(n) ≡ 1 and η(n) ≡ 1 for

all nodes n, this reduces to the standard LTS form

d(n) + 1

π(n)
.

This differs slightly from the root-separated adaptation used in Theorem 3.4.4,

where the root expansion is accounted for outside the ratio.
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Algorithm 7 PHS
1: Input: Root node n1, budget B, goal set N g

2: Output: Solution path, or failure
3: return BestFirstSearch(n1, φPHS, B,N g)

This yields a best-first policy-guided search procedure depicted in Algo-

rithm 7, with a bound on the cumulative expansion loss before reaching a

goal. In the unit-loss case ℓ(n) ≡ 1, this bound becomes a bound on the num-

ber of node expansions, recovering the usual Levin-style interpretation. While

the LTS cost function φLTS is monotone, φPHS need not be, due to the heuristic

factor η. Following Orseau and Lelis [79], define the monotone non-decreasing

envelope

φ+(n) := max
n′∈anc+(n)

φPHS(n
′). (3.11)

To write this in the same multiplicative form, define

η+(n) := φ+(n)
π(n)

gℓ(n)
≥ η(n), (3.12)

with η+(n) = η(n) when gℓ(n) = 0, such that

φ+(n) = η+(n)
gℓ(n)

π(n)
.

To provide a bound on the search, define Nφ(n) = {n′ ∈ desc+(n1) :

φ+(n′) ≤ φ+(n)} as the set of nodes of value at most φ+(n), and Lφ(n) =

{n′ ∈ Nφ(n) : C(n′) ∩ Nφ(n) = ∅} as the set of leaf nodes in Nφ(n). The

definition of η+(n) is used only for finite-cost nodes. Nodes with φ+(n) = +∞

do not belong to Nφ(n∗) when n∗ has finite cost, and therefore do not affect

the finite bound below.

Theorem 3.4.7 (Orseau and Lelis [79], Theorem 1, adapted). Let ℓ be a

non-negative expansion-loss function and let η(·) ≥ 1 be any heuristic factor.

Let n∗ ∈ arg minn∈N g φ+(n) be a finite-cost goal node. Then the cumulative

expansion loss incurred by PHS before returning a solution is bounded by

L(PHS, n∗) ≤ gℓ(n
∗)

π(n∗)
η+(n∗)

∑︂
n′∈Lφ(n∗)

π(n′)

η+(n′)
. (3.13)
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The proof is given in Appendix A.4. While the PHS cost function φPHS

generalizes the one used by LTS, one may wonder if the LTS bound can be

recovered from the PHS bound. And the answer is yes!

Corollary 3.4.8 (Orseau and Lelis [79], Corollary 2, adapted). From Theo-

rem 3.4.7, if η(n) ≡ 1, then

L(PHS, n∗) ≤ gℓ(n
∗)

π(n∗)
. (3.14)

The proof is given in Appendix A.4. In the unit-cost case ℓ(n) ≡ 1, this

becomes

L(PHS, n∗) ≤ d(n∗) + 1

π(n∗)
. (3.15)

This recovers the standard LTS bound. By contrast, Theorem 3.4.4 uses

a root-separated adaptation and obtains the slightly tighter expression 1 +

d(n∗)/π(n∗). Since π(n∗) ≤ 1, the root-separated bound from Theorem 3.4.4

satisfies

1 +
d(n∗)

π(n∗)
≤ d(n∗) + 1

π(n∗)
,

so the two expressions are consistent, with Theorem 3.4.4 giving a slightly

tighter bound under the notation adopted earlier in the chapter. Both ac-

counting conventions appear in the policy-tree-search literature: this thesis

uses the root-separated convention for its LTS analysis, while PHS uses root-

inclusive expansion loss.

Practical Heuristics

Many problems in single-agent deterministic search already have readily avail-

able heuristic functions. For the present search-effort analysis, let h(n) esti-

mate the remaining expansion loss from n to a solution, analogous to how an

A∗ heuristic estimates remaining transition cost. The heuristic factor can then

be defined as

ηh(n) =
gℓ(n) + h(n)

gℓ(n)
, (3.16)

which results in the evaluation function

φh(n) = ηh(n)
gℓ(n)

π(n)
=
gℓ(n) + h(n)

gℓ(n)

gℓ(n)

π(n)
=
gℓ(n) + h(n)

π(n)
. (3.17)
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The heuristic factor ηh(n) extends the LTS cost gℓ(n)/π(n) by incorpo-

rating an estimate of the remaining expansion loss. However, this construc-

tion inherits only the additive part of the future solution cost. In particular,

if n∗ is a least-expansion-loss descendant solution of n and h is exact, then

gℓ(n) + h(n) = gℓ(n
∗), and therefore φh(n) = gℓ(n

∗)/π(n). But the LTS cost

associated with the descendant solution itself is gℓ(n∗)/π(n∗). Thus, even with

an exact heuristic for the remaining cost, φh(n) still misses the ratio

π(n)

π(n∗)
=

1

π(n∗ | n)
,

which accounts for the additional decay in probability along the suffix from

n to n∗. This distinction matters because, in policy tree search, search effort

depends not only on how much path cost remains, but also on how much

probability mass must be preserved along the remaining trajectory. When

π(n∗)≪ π(n), the quantity φh(n) can substantially underestimate the Levin-

style search effort associated with actually reaching the descendant solution.

Accurately Predicting Remaining Search Effort

The motivation for PHS∗ is precisely to compensate for this missing probability

term by extrapolating the future policy decay from the prefix observed so far.

The key idea is to estimate not only the remaining additive loss, but also the

additional decay in policy probability along the suffix from n to a descendant

solution n∗. Suppose h(n) estimates the remaining loss from n to n∗. Then

the desired solution search effort is

gℓ(n
∗)

π(n∗)
≈ gℓ(n) + h(n)

π(n∗)
.

The difficulty is therefore to estimate π(n∗). The following extrapolation is

defined for nodes with π(n) > 0 and gℓ(n) > 0. Nodes with π(n) = 0 are

assigned infinite PHS∗ cost. Define the geometric extrapolation statistic

p(n) := π(n)1/gℓ(n).

This statistic approximates the geometric mean policy probability per unit

of expansion loss along the prefix. Under the root-inclusive convention, the
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Algorithm 8 PHS∗

1: Input: Root node n1, budget B, goal set N g

2: Output: Solution path, or failure
3: return BestFirstSearch(n1, φPHS∗ , B,N g)

approximation includes the root expansion even though it has no correspond-

ing policy factor. The following approximation assumes that the log policy

probability per unit expansion loss remains approximately stationary along

the remaining suffix:

π(n∗) ≈ p(n)gℓ(n)+h(n) =
(︁
π(n)1/gℓ(n)

)︁gℓ(n)+h(n)
= π(n)1+h(n)/gℓ(n).

Substituting this estimate into the LTS search effort yields

φPHS∗(n) :=
gℓ(n) + h(n)

π(n)1+h(n)/gℓ(n)
= ηPHS∗(n)

gℓ(n)

π(n)
, (3.18)

where the corresponding heuristic factor is

ηPHS∗(n) :=
1 + h(n)/gℓ(n)

π(n)h(n)/gℓ(n)
. (3.19)

This produces a more aggressive PHS∗ evaluation function. In contrast to

φh(n) = (gℓ(n) + h(n))/π(n), which only accounts for the additive increase

in loss, φPHS∗(n) also attempts to account for the multiplicative decrease in

policy mass expected along the remaining path to a solution.

The resulting algorithm is shown in Algorithm 8, and can be viewed as

using the same best-first search PHS framework but with a different choice of

heuristic factor. Importantly, the bound in Theorem 3.4.7 continues to apply

to PHS∗ as the result does not depend on any particular form for η, as it only

requires η(n) ≥ 1. Since ηPHS∗ is simply another such choice of heuristic factor,

the same general upper bound holds when PHS is instantiated with ηPHS∗ .

State Pruning The state pruning checks in BestFirstSearch (Algorithm 1)

need to be modified for PHS to ensure nodes are expanded in best-first order

and their lowest cost first.
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Theorem 3.4.9 (Orseau and Lelis [79], Appendix G, adapted). Assume the

search problem is deterministic, the policy is state-based, and both the expansion-

loss function ℓ(·) and heuristic factor η(·) are state-based: for all nodes u, v ∈

N , if u and v represent the same state s, then ℓ(u) = ℓ(v) and η(u) = η(v).

Let m,n ∈ N be two nodes that represent the same state s. Suppose that

φPHS(m) ≤ φPHS(n) and π(m) ≥ π(n).

Then n is safely pruned for PHS: for every descendant n′ ∈ desc(n), there

exists a corresponding descendant m′ ∈ desc(m) such that m′ and n′ represent

the same state s′ and φPHS(m
′) ≤ φPHS(n

′).

The proof is in Appendix A.4.2, along with Algorithm 16 which provides the

lazy state pruning check which is done when nodes are removed from OPEN.

The overhead for state pruning is a map where the keys are the previously

expanded states and the values are retained (φPHS, π)-pairs. The pruning

condition above applies to PHS instantiations whose heuristic factor is state-

based. It should not be applied automatically to PHS∗, since ηPHS∗ depends

on path-dependent quantities such as gℓ(n) and π(n).

The given pruning rule allows the search to prune redundant nodes while

keeping the PHS guarantees. In practice, however, it is common to prune nodes

during expansion if a node representing the same state has been previously ex-

panded. While the theoretical guarantees no longer hold, the implementation

is simpler and has a smaller computation cost per expansion, and is what is

used throughout the thesis.

Numerical Stability The path probabilities π(n) may decrease exponen-

tially with depth, which can lead to numerical underflow. Since applying a

monotone transformation preserves the expansion order induced by the eval-

uation function, it is often preferable to compute the PHS∗ cost in log-space:

lnφPHS∗(n) = ln(gℓ(n) + h(n))−
(︃
1 +

h(n)

gℓ(n)

)︃
ln π(n).

Moreover, if n′ is a child of n, then the log-path probability can be updated

incrementally as ln π(n′) = lnπ(n) + ln π(n′ | n). The log-space expression is
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used for finite-cost nodes with π(n) > 0; zero-probability nodes are assigned

infinite cost.

3.4.3 Rerooting Levin Tree Search

The progression from LTS to PHS and PHS∗ shows one way that additional

information can be incorporated into policy tree search. In these methods,

the extra information is attached to the current frontier node and is used to

estimate how difficult it will be to complete the path to a solution. PHS∗, in

particular, strengthens this idea by trying to account not only for the remaining

additive loss, but also for the future decay in policy mass along the suffix to a

solution.

Rerooting Levin Tree Search (
√

lts, read as “root-LTS”) [77] considers a

different possibility. Sometimes the most informative signal available during

search is not an estimate of the remaining distance to a goal, but the appear-

ance of an intermediate node that marks meaningful progress. Such a node

may indicate that a bottleneck in the state-space has been crossed, that an

important subtask has been solved, or that the search has entered a promising

region of the tree. This role is played by clue nodes, which we use informally

to make explicit the information that guides the search rather than as a sepa-

rate formally defined node type. Rather than estimating future effort directly,

clues identify places from which it may be advantageous to redirect search.

Example 3.4.10. The intuition behind
√

lts and clue nodes is well illustrated

in the 1,000 clue node example from Orseau et al. [77], depicted in Figure 3.2.

Consider a binary tree of depth 100 with a single solution leaf. In the absence of

any additional information, solving such a problem may require search through

the full depth of the tree, which may, in the worst case, require searching

through the 2100 leaves. Now suppose that at depth 50 there are 1,000 clue

nodes, and the solution lies below exactly one of them. These clues are not

visible in advance, but are revealed only when the corresponding nodes are

reached. Even though 999 of the 1,000 clues are misleading, the existence

of clue nodes fundamentally changes the structure of the search problem. A
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n1

na nb nc nN

n∗

depth

0

50

100

1000 clue nodes
at depth 50 (4 shown)

2100 leaf nodes

Figure 3.2: A binary tree of depth 100, with 1000 clue nodes at depth 50.

clue-aware search algorithm can simply search from the root until it finds all

clue nodes at depth 50, then start a search under each clue node until it finds

a solution. This simple clue-aware algorithm would require approximately

1,001× 251 node expansions, which yields exponential savings.

A natural question to ask is whether this information is special in any way

such that a new algorithm needs to be designed to take advantage of it, or

whether using LTS is enough here. As it turns out, LTS struggles to make any

substantial gains using clue nodes. Continuing from Example 3.4.10, under

a clue-aware policy one may assign π(n′ | n) = 1 when a generated child

is recognized as either a clue node or the goal node, and otherwise split the

policy uniformly. The solution node n∗ would then have π(n∗) = 2−98, and the

LTS cost would be d
π
(n∗) = 100× 298. Every node at depth 98 that does not

descend from a clue node has a cost of d
π
(n) = 98× 298 < d

π
(n∗), and nodes n

at depth 98 descending from clue nodes have cost d
π
(n) = 98× 297. Thus, LTS

using clue nodes in this example would need to expand up to and including

depth 98, resulting in at least 299 nodes.

This example is useful because it separates the value of clues from the

mechanism used to exploit them. Even a simple clue-aware strategy can benefit

by first locating all clue nodes and then searching beneath them, which is

already dramatically better than ignoring the clues altogether. At the same

time, the example also shows why the problem is nontrivial. Since most clues
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are misleading, it is not enough to react greedily to the first clue encountered,

nor is it enough to assume that every clue should be treated equally. What

is needed is a principled way to share search effort among multiple candidate

rerooting points while retaining search-effort guarantees. The next step is

therefore to introduce rooted Levin-style cost functions and a way of composing

them into a single best-first search procedure through rerooting weights. This

is the key idea behind
√

lts.

Self-Counting Cost Functions

To obtain a search-effort bound for rerooting methods, we need a cost function

whose value is more than a priority score. Ideally, the numerical value assigned

to a node should already control how many nodes can have cost no larger than

it. This motivates the notion of a self-counting cost function.

Definition 3.4.11 (Orseau et al. [77]). A cost function c : N → R≥0∪{+∞}

is self-counting if, for all θ ≥ 0, the number of nodes of cost at most θ is itself

at most θ:

|{n ∈ N : c(n) ≤ θ}| ≤ θ. (3.20)

In other words, the cost value already controls the size of its own low-cost

region. By itself, however, this is only a counting statement. To turn it into a

statement about the progress of best-first search, monotonicity is required.

Remark 3.4.12. For a monotone self-counting cost function c, BestFirstSearch

enumerates nodes in order of increasing costs. For all t, we have

t = |{n1, . . . , nt}| ≤ |{n : c(n) ≤ c(nt)}| ≤ c(nt). (3.21)

When the cost is monotone, BestFirstSearch visits nodes in non-decreasing

cost order, and the self-counting property then implies that the node reached

at step t must have cost at least t. Thus, self-counting provides the counting

argument, monotonicity provides the ordering argument, and together they

yield a direct link between cost values and search effort.

To make this concrete, we previously showed in the proof of Theorem 3.4.4

for LTS that |{n : d
π
(n) ≤ θ}| ≤ 1 + θ. BestFirstSearch with cost function
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d
π
(·) is equivalent to BestFirstSearch with 1+ d

π
(·), and since |{n : 1+ d

π
(n) ≤

1 + θ}| ≤ 1 + θ, we have that 1 + d
π
(·) is a self-counting cost function, which

matches the LTS bound given in Theorem 3.4.4.

Weighted Composition

The previous subsection introduced self-counting cost functions as a way to

relate cost values directly to search effort. The rerooting setting now raises a

new question. If several candidate rerooting points are available, how should

search effort be shared among them within a single best-first procedure? This

is the role of rerooting weights.

This interpretation is most naturally understood through a computation-

sharing analogy. Suppose N algorithms are run on the same CPU, with algo-

rithm i receiving a fraction wi of total computation. If that algorithm would

solve the problem in τi steps on its own, then under the shared schedule it

requires roughly T total steps, where

⌊wiT ⌋ = τi ⇔ T ≤ τi + 1

wi
.

Since this holds for every i, a solution is found after

T ≤ min
i

τi + 1

wi
.

The weight therefore acts as a budget share, and dividing by the weight

accounts for the slowdown caused by sharing computation. The same idea

applies to search costs. If ci(n) denotes the cost of reaching node n under the

i-th component search, and that component receives a fraction wi of the total

search effort, then its effective cost is inflated to approximately ci(n)/wi. A

natural combined cost is therefore

c(n) = min
i

ci(n)

wi
.

The minimum selects the rooted search which is quickest to reach n after

accounting for that search’s allotted share of computation.
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Rooted Levin Costs

To instantiate the composition idea, we next need a cost function that measures

search effort relative to a candidate rerooting point rather than only relative

to the original root. Suppose that, after visiting an ancestor nk, we were to

start a fresh LTS search that treats nk as its local root and ignores everything

outside the subtree below nk. The Levin-style search effort required to reach

a descendant n from that local root is then

d
π
(nk ≺ n) :=

d(n)− d(nk)
π(n | nk)

, (3.22)

with d
π
(nk ≺ n) = ∞ if nk ⊀ n. This is simply the usual LTS cost applied to

the suffix from nk to n rather than to the full path from the original root. If

π(n | nk) = 0, then d
π
(nk ≺ n) is defined to be +∞. Thus, a rooted cost is

finite only when the suffix from nk to n is policy-reachable.

This rooted quantity captures the local subproblem induced by nk. Once

the search has already paid the price to reach nk, the remaining question is

how difficult it is to continue from there. The rerooted Levin cost is meant

to answer exactly that question. It measures the effort of solving the problem

below a candidate local root, rather than the effort of reaching the same node

from the start of the search.

Slenderness Cost Function

While the rooted LTS cost given in Equation 3.22 is certainly a valid option

to use for a cost and bound on a rooted local search, using this cost function

can lead to loose bounds on the search effort required. This is most evident

in the following example.

Example 3.4.13. Consider the search tree in Figure 3.3, which depicts a

long chain from the root to a node na, that has two leaves nb and nc with

π(nb | na) = π(nc | na) = 1/2. Using the self-counting cost function 1+ d
π
, the

number of nodes with cost at most the cost of na is 1 + d(na), which matches

exactly the number of nodes from n1 to na. However, when we consider the

two children of na, they both have costs 1 + d
π
(nb) = 1 + d

π
(nc) = 2d(na) + 3.
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Figure 3.3: A chain with two leaf nodes at the end.

While this is indeed an upper bound on the number of nodes of cost at most nb,

the actual count is d(na)+3, which results from double-counting the ancestors

shared by nb and nc.

A tighter alternative to the LTS cost function is what Orseau et al. [77]

refer to as the slenderness cost function.

Definition 3.4.14 (Slenderness, Orseau et al. [77]). The function λ : N →

[1,∞) is the slenderness of a node, where λ(n1) = 1 and for all nodes n,

λ(n′) = λ(n)π(n′ | n) + 1, ∀n′ ∈ C(n). (3.23)

The intuition behind the slenderness of a node and how it helps with the

double counting problem is the following: if a node n holds a weighted share

λ(n) of its ancestors (including itself), then a child n′ holds a share λ(n)π(n′ |

n) of the ancestors of n, and thus a weighted share λ(n)π(n′ | n) + 1 of the

ancestors of n′.

It also follows that for every node n, 1 ≤ λ(n) ≤ 1 + d(n). An important

quantity used throughout the previous proofs on search bounds has been to

sum a value over leaf nodes in the tree. In Theorem 3.4.4, it was the sum of

depths d(n) of the leaf nodes. In Theorem 3.4.7, it was the sum of cumulative

expansion costs along the path from root to the leaf nodes gℓ(n). Summing

the slenderness λ(n) values of the leaf nodes should provide a tighter bound

on the number of nodes than summing the depth as done previously.
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Definition 3.4.15 (Slenderness cost function, Orseau et al. [77]). The slen-

derness cost function λ
π
: N → R≥1 ∪ {+∞} is defined as

λ
π
(n) =

λ(n)

π(n)
=
∑︂
n′⪯n

1

π(n′)
, (3.24)

which is a monotone cost function. If π(n) = 0, then λ
π
(n) = +∞. Equiva-

lently, if any prefix n′ ⪯ n has π(n′) = 0, then the corresponding term in the

sum is assigned value +∞.

Definition 3.4.16 (Rooted slenderness cost function, Orseau et al. [77]). The

rooted slenderness cost function λ
π
: N ×N → R≥1 ∪ {+∞} is defined as

λ
π
(n | n′) =

∑︂
n′⪯ni⪯n

1

π(ni | n′)
, (3.25)

and λ
π
(n | n′) = ∞ if n′ ⪯̸ n. If any denominator π(ni | n′) appearing in

the sum is zero, the corresponding term is assigned value +∞, and hence

the rooted slenderness cost is infinite. For a fixed root n′, λ
π
(· | n′) is self-

counting and monotone along descendant paths within the subtree rooted at

n′. However, the root-excluded component used by
√

lts, and the resulting

weighted minimum over candidate roots, should not be treated as a globally

monotone best-first cost [77].

Orseau et al. [77] then use the following as the rooted cost function, taking

place of d
π
(nk ≺ n):

crt (n) =

{︄
λ
π
(n | nt)− 1 if nt ≺ n,

∞ otherwise.
(3.26)

The proofs and analysis that follow in this thesis which use d
π
(nk ≺ n) for

the rooted-cost function have analogous proofs using crt (n). For details related

to crt (n), see Orseau et al. [77]. This chapter retains d
π

for the rerooting analysis

and examples; Chapter 7 explicitly uses the slenderness-cost implementation.

The
√

lts Algorithm

√
lts can now be understood as combining all these local LTS searches into

a single best-first search procedure, given in Algorithm 9. Every visited node
46



Algorithm 9
√

lts
1: Input: Root node n1, budget B, goal set N g

2: Output: Solution path, or failure
3: return BestFirstSearch(n1, φ√

lts, B,N g)

acts as a candidate local root. The rerooter assigns a weight to each such root,

and the search scores a node n by the cheapest weighted local search through

which n can be reached:

φ√
lts(n) =

⎧⎨⎩0, n = n1,

min
nt≺n

1

wt
d
π
(nt ≺ n), n ̸= n1

(3.27)

where wt ≥ 0 is the rerooting weight for the LTS search anchored at the

ancestor nt of n. The value assigned to the root is only a convention ensuring

that the initial node is expanded first. The rooted costs are meaningful only

for non-root nodes, since they measure the cost of reaching n from a strict

ancestor used as a local root. The analysis below therefore counts the nodes

below the root using φ√
lts, and then accounts for the root expansion by the

leading 1 appearing in the search-effort bounds. Ancestors with wt = 0 are

ignored in the minimum, equivalently their weighted rooted cost is treated as

+∞. If all such ancestors have zero weight, then φ√
lts(n) = +∞. In practice,

we set the root rerooting weight w1 = 1.

Thus, a node is preferred when it can be reached cheaply from some promis-

ing rerooting point after accounting for the share of computation allocated to

that rooted search. In this sense, rerooting does not merely rescore frontier

nodes. It reallocates search effort across multiple candidate subtasks discov-

ered during the search itself.

Having defined the rerooted evaluation function, we can now ask what

search-effort guarantee it provides. The answer is naturally expressed in terms

of a subtask decomposition of the path to the target node. Rather than charg-

ing the entire root-to-target trajectory to a single Levin-style search, the anal-

ysis allows the path to be partitioned across intermediate rerooting points.

The cost of each segment is then measured locally from its chosen root and

scaled by the share of computation assigned to that rooted search.
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Definition 3.4.17. A subtask decomposition of the path from n1 to n∗ is an

ordered set D = {nT1 , nT2 , . . . , nTm} ⊆ anc+(n
∗) such that n1 = nT1 ≺ nT2 ≺

· · · ≺ nTm = n∗. The nodes in D are viewed as subtask boundaries.

For example, in the game of Sokoban, one subtask decomposition is all the

ancestors where the agent has pushed a box on a goal spot. Orseau et al. [77]

also provide theoretical guarantees on the number of node expansions required

until the first solution node has been found, which depend on the quality of

the policy and the rerooter. Suppose
√

lts finds the solution node n∗ at some

step T .

Theorem 3.4.18 (
√

lts subtask bound, Orseau et al. [77], Corollary 12,

adapted). Let D(n∗) be the set of all such subtask decompositions of n∗. For

D ∈ D(n∗), the selected ancestors of n∗ are expanded at steps T1, T2, . . . , T|D|,

where necessarily T1 = 1 and T|D| = T . Then the number of search steps T

that
√

lts takes before visiting n∗ is bounded by

T ≤ 1 + min
D∈D(n∗)

max
i<|D|

w<T
wTi

d
π
(nTi ≺ nTi+1

) , (3.28)

where w<T =
∑︁

j<T wj is the cumulative rerooting weight of the nodes expanded

up to step T (excluded). The bound is finite for decompositions in which each

selected segment nTi ≺ nTi+1
has positive suffix probability π(nTi+1

| nTi) > 0

and positive rerooting weight wTi > 0.

The proof is in Appendix A.5.2. The way to interpret the
√

lts subtask

bound is that wTi/w<T is the time share allocated to the LTS instance started

at the ith (shallowest) ancestor of n∗ in the subtask decomposition, d
π
(nTi ≺

nTi+1
) is the bound on the number of search steps this LTS instance takes to

reach the next subtask boundary nTi+1
, and maxi<|D| corresponds to the most

“difficult” subtask in the decomposition. This subtask decomposition can allow
√

lts to expand exponentially fewer nodes than LTS. Because w<T depends

on the unknown stopping step T , this is an implicit a posteriori guarantee

rather than a directly computable a priori bound.
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Figure 3.4: Difference in search effort between LTS and
√

lts. On the left,
LTS searches the entire tree in grey. On the right,

√
lts utilizes a subtask

decomposition and only searches the nodes within the grey region, skipping
the nodes in the red region.

Example 3.4.19. Consider a perfect binary tree with a solution node n∗ at

depth 30, shown in Figure 3.4. Under a uniform policy, the LTS bound (Equa-

tion 3.8) tells us that LTS would take at most 30 × 230 + 1 node visits to

find n∗. Let na ≺ n∗ such that d(na) = 10.
√

lts visits na at step Ta and

n∗ at step T ∗. For this oracle rerooter, set w1 = wTa , and 0 everywhere else.

Equation 3.28 tells us that
√

lts is competitive with the best subtask decom-

position. Therefore, it is also competitive with any subtask decomposition that

is meaningful for analysis. Let us compare it with the subtask decomposition

n1 ≺ na = nTa ≺ n∗, which happens to be the best one, in this case. The node

n∗ is visited at T ∗ with

T ∗ − 1 ≤ w<T ∗ max

{︄
d
π
(n1 ≺ na)

w1

,
d
π
(na ≺ n∗)

wTa

}︄

= 2max

{︃
10× 210

1
,
20× 220

1

}︃
= 40× 220 .

This is an exponential improvement over the leading 30× 230 term in the LTS

bound. The corresponding rooted slenderness-cost variant gives a bound of

222−4, which is approximately a factor of ten tighter than the d
π

bound above.

This illustrates why slenderness is a useful refinement and why Chapter 7 uses

it in the implementation, while this chapter retains d
π

for analytic clarity.
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State Pruning The state pruning checks in BestFirstSearch (Algorithm 1)

need to be modified for
√

lts to ensure nodes are expanded in best-first order

and their lowest cost first.

Definition 3.4.20 (Safely prunable node). A node nt visited at step t is safely

prunable if there exists a node nj with j < t such that s(nt) = s(nj) and for

each non-empty action sequence y such that n
˜
t (resp. n

˜
j) is the descendant of

nt (resp. nj) following y, with j <
˜
j and t <

˜
t, then φ√

lts(n
˜
j) ≤ φ√

lts(n
˜
t).

Theorem 3.4.21. Assume the search problem is deterministic, the policy is

state-based, and the rerooting weights are state-based: for all nodes ni, nj ∈ N ,

if s(ni) = s(nj), then wi = wj. Let nt be a node visited at step t. Suppose that

there exists a node nj with j < t such that s(nj) = s(nt) and that the following

holds: for every ancestor n˜︁t ≺ nt with ˜︁t < t, there exists an ancestor n˜︁j ≺ nj

with ˜︁j < j satisfying

d(nj)− d(n˜︁j) ≤ d(nt)− d(n˜︁t) ,
and w˜︁j π(nj | n˜︁j) ≥ w˜︁t π(nt | n˜︁t).

Then, nt is safely prunable for
√

lts. That is, for every descendant nt ≺ n
˜
t, if

n
˜
j is the descendant of nj obtained by following the same action suffix y from

nj as n
˜
t follows from nt, then n

˜
j and n

˜
t represent the same state, and

φ√
lts(n

˜
j) ≤ φ√

lts(n
˜
t).

The proof is in Appendix A.5.3, along with Algorithm 17 which provides

the lazy state pruning check which is done when nodes are removed from

OPEN. Unlike LTS and PHS, safe duplicate pruning for
√

lts is not generally

characterized by a single-node dominance test. The reason is that φ√
lts(n)

depends on the set of rerooting points available along the ancestor chain of

n. Accordingly, a node can be pruned only when its entire ancestor chain is

covered, in the sense of Definition 3.4.20, by the ancestor chains of the retained

equal-state nodes. As a result, the overhead for state pruning can be quite

costly.
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The given pruning rule allows the search to prune redundant nodes while

keeping the
√

lts guarantees. We note that this is one possible pruning rule;

there may be cases for additional pruning opportunities. In practice, however,

it is common to prune nodes during expansion if a node representing the

same state has been previously expanded. While the theoretical guarantees

no longer hold, the implementation is simpler and has a smaller computation

cost per expansion, and is what is used throughout the thesis.

Numerical Stability The path probabilities π(n) may decrease exponen-

tially with depth, which can lead to numerical underflow. Since applying a

monotone transformation preserves the expansion order induced by the evalu-

ation function, for non-root nodes it is often preferable to compute the
√

lts

cost in log-space:

lnφ√
lts(n) = min

nk≺n
ln(d(n)− d(nk))− lnwk + ln π(nk)− ln π(n).

Moreover, if n′ is a child of n, then the log-path probability can be updated

incrementally as ln π(n′) = lnπ(n) + ln π(n′ | n). The log-space expression is

used only for finite weighted rooted costs, where the suffix probability and the

corresponding rerooting weight are both positive. Components with zero suffix

probability or zero rerooting weight are ignored in the minimum, equivalently

treated as having infinite component cost.

Robustness

From the subtask decomposition bound given in Equation 3.28, for subtask i

rooted at nTi , at global step T the share of the total compute going towards

that subtask is approximately wTi/w<T . Finishing subtask i requires approx-

imately d
π
(nTi ≺ nTi+1

) local steps, but because total compute is shared, the

total number of steps required to finish subtask i is approximately

w<T
wTi

d
π
(nTi ≺ nTi+1

).

If w<T grows linearly with T , the time share for the ith subtask keeps

shrinking as T grows. The consequence of this is that the longer a subtask

takes, the worse the bound becomes for that same subtask.
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Definition 3.4.22 (Orseau et al. [77]). If the rerooter produces weights w̃,

then define the robust rerooting weights w as

wt =
w̃t
w̃≤t

. (3.29)

This construction assumes w̃t ≥ 0 and w̃≤t > 0 for every t, as ensured for

example by a positive root weight.

One can then show a related subtask decomposition bound similar to The-

orem 3.4.18.

Corollary 3.4.23 (Robust
√

lts guarantee, Orseau et al. [77], Corollary 17,

adapted). For every subtask decomposition, where the selected ancestors of n∗

are expanded at steps T1, T2, . . . , T|D|, where necessarily T1 = 1 and T|D| = T ,

the number of search steps T that
√

lts takes to visit n∗ when using robust

rerooting weights is bounded by

T ≤ 1 +

[︃
1 + ln

(︃
w̃<T
w̃1

)︃]︃
max
i<m

w̃≤Ti
w̃Ti

d
π
(nTi ≺ nTi+1

). (3.30)

The statement assumes the relevant reparameterized weights in the denomina-

tors are positive. If ˜︁wTi = 0 for a selected subtask root, that decomposition

gives an infinite contribution to the bound.

The proof is in Appendix A.5.2. The subtask decomposition bound using

robust weights prevents the linear blowup in two subtle but important ways.

First, the global normalizer w<T becomes logarithmic. Second, the remaining

linear factor for subtask i depends on the cumulative weight before that sub-

task, w̃≤Ti , not on everything that happens afterwards. Finally, in the worst

case
√

lts is only a log-factor away from LTS when using robustness. Take

m = 2, n1 = nT1 ≺ nT2 = nT . Then, if T1 = 1 and w̃1 = 1,

w̃≤Ti
w̃Ti

=
w̃≤1

w̃1

= 1.

So the bound becomes

T ≤ 1 +

[︃
1 + ln

(︃
w̃<T
w̃1

)︃]︃
d
π
(n1 ≺ nT ).

For additional details on robustness, including additional reparameteriza-

tions, see [77].
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A Connection Between Best-First Evaluation Functions and
√

lts

As a small observation, there is a neat connection between general best-first

evaluation functions and the rerooting framework.
√

lts requires only a policy

and a rerooting weight function, and these need not be specified independently.

Given any node-evaluation function with 0 < φ(n′) < ∞ for every child and

finite branching, one may instead induce both quantities directly from φ by

defining

Zφ(n) =
∑︂

n′∈C(n)

1

φ(n′)
, πφ(n

′ | n) = φ(n′)−1

Zφ(n)
, wφ(n) = Zφ(n).

This choice assigns greater policy mass to children preferred by φ, while using

the same normalizing quantity as the rerooting weight at n. The resulting

construction has a simple local interpretation: for every child n′ ∈ C(n),

1

wφ(n)

d(n′)− d(n)
πφ(n′ | n)

= φ(n′).

Hence the parent-based rooted Levin term reproduces exactly the one-step

ordering induced by φ. In this way, any positive best-first evaluation function

may be viewed as inducing a particular Levin-style rerooting rule. Since this

construction does nothing more than specify a policy and rerooting weights,

all of the previously established guarantees for the
√

lts algorithm continue

to apply immediately under the substitution π = πφ and w = wφ. The only

caveat is that global equivalence need not hold in general, because the rerooted

evaluation minimizes over all ancestor rooting points rather than only the

parent, so the overall expansion order may differ from that of the original

best-first search. If φ is path-dependent, then the induced policy is node-

based rather than state-based, so state-based duplicate-pruning results do not

automatically apply.

3.4.4 Learning the Policy: The Levin Loss

The search procedures considered in this chapter are guided by a policy, so an

important question is how that policy should be learned. A natural objective

is to train the policy so as to reduce the search loss, rather than merely to
53



imitate locally preferred actions. In this section, we show the derivation of the

Levin loss objective [79].

Let πθ denote a differentiable policy with parameters θ, and let Sθ denote a

policy-guided search algorithm such as LTS, PHS∗, or
√

lts instantiated with

πθ. For a collection of training tasks indexed by k ∈ [K], the ideal objective is

θ∗ = arg min
θ

K∑︂
k=1

min
n∗∈N g

k

Lk(Sθ, n
∗), (3.31)

where Lk(Sθ, n∗) is the cumulative search loss incurred on task k before the

algorithm expands a solution node n∗. This objective is appealing because it

directly matches the quantity we ultimately wish to minimize: the amount of

computation required to solve the training tasks.

In practice, however, this objective is not convenient to optimize directly.

The search process is discrete, the solution node returned by search depends

on the current policy, and even if one introduces a differentiable approximation

to the search loss, its gradient is generally difficult to obtain. For this reason,

Orseau and Lelis [79] propose optimizing a surrogate derived from the PHS∗

upper bound instead.

For Levin tree search, and more generally for PHS∗ when the heuristic-

dependent terms are treated separately, the dominant quantity in the upper

bound (Equation 3.13) is of the form

gℓ(n
∗)

πθ(n∗)
.

A natural surrogate objective for a solution node n∗ is

LLevin(θ;n
∗) =

gℓ(n
∗)

πθ(n∗)
.

When ℓ(n) ≡ 1 and η(n) ≡ 1, we have

gℓ(n
∗) = d(n∗) + 1,

so this becomes

LLevin(θ;n
∗) =

d(n∗) + 1

πθ(n∗)
.
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Thus, in the unit-cost case, the surrogate recovers the standard Levin-style

quantity in which the root expansion is counted inside the numerator. This

differs slightly from the root-separated convention sometimes used for Levin

tree search, where the root expansion is accounted for outside the ratio and the

priority is written in terms of d(n)/π(n). The distinction is purely a matter

of accounting convention and does not change the basic learning principle.

Following the derivation of Orseau and Lelis [79], suppose that for task k

the search loss is approximated as

Lk(Sθ, n
∗
k) ≈ ck

gℓ(n
∗
k)

πθ(n∗
k)
, (3.32)

where ck is an unknown factor treated as approximately independent of θ. In-

tuitively, this isolates the leading inverse-probability term in the upper bound

and absorbs the remaining factors into a multiplicative constant. Thus, the

Levin loss is a search-motivated surrogate: it retains the dominant inverse

path-probability term while ignoring the policy dependence of the remaining

search dynamics, including the returned solution, competing paths, and any

rerooting or pruning behaviour. Using the identity

∇θf(θ) = f(θ)∇θ log f(θ),

we obtain

∇θ
˜︁Lk = ˜︁Lk∇θ log ˜︁Lk
≈ ˜︁Lk∇θ log

(︃
ck
gℓ(n

∗
k)

πθ(n∗
k)

)︃
.

Here, ˜︁Lk denotes a differentiable surrogate for the true loss Lk, where we use

Equation 3.32. Since both ck and gℓ(n∗
k) are treated as constants with respect

to θ, this simplifies to

∇θ
˜︁Lk ≈ ˜︁Lk∇θ log

1

πθ(n∗
k)
.

Replacing ˜︁Lk by the observed search loss gives the practical gradient estimate

∇θ
˜︁Lk ≈ Lk(Sθ, n

∗
k)∇θ(− log πθ(n

∗
k)) .
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Let n1 = n1, n2, . . . , nd(n∗)+1 = n∗ denote the nodes on the path from the root

to n∗, indexed in path order, so that parent(ni) = ni−1 for each i ≥ 2. Because

the path probability factors along the solution trajectory,

πθ(n
∗) =

d(n∗)+1∏︂
i=2

πθ(ni | ni−1) ,

it follows that

− log πθ(n
∗) =

d(n∗)+1∑︂
i=2

− log πθ(ni | ni−1) .

Hence, for a solved training instance, the policy objective can be written as

J (k)
policy(θ) =

ˆ︁Lk d(n∗
k)+1∑︂
i=2

− log πθ(ni | ni−1) ,

where ˆ︁Lk := Lk(Sθ, n
∗
k)

is the observed search loss, which is treated as a constant (stop-gradient)

during the policy update. In this form, the update is a weighted negative

log-likelihood over the successful root-to-goal trajectory.

This objective can be viewed as a search-aware variant of the usual cross-

entropy loss. The logarithmic term is the same negative log-probability that

appears in standard policy classification or behaviour cloning, but here it is

applied to an entire successful trajectory and weighted by the search effort

required to discover that trajectory. As a result, trajectories that were expen-

sive to find induce larger updates than those found almost immediately. This

distinction is important because a naïve cross-entropy objective would treat all

actions appearing on successful trajectories as equally informative, regardless

of how difficult the corresponding trajectory was for the search to uncover.

In the present setting, however, the aim is not simply to match action fre-

quencies, but to reduce future search effort. A solution trajectory found with

little search is already comparatively easy for the current policy-guided search

procedure to recover, so increasing its probability may have only limited effect

on subsequent search. By contrast, a trajectory found only after many node

expansions is a potentially valuable target for learning, although high search
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effort can also arise from competing branches, heuristic guidance, rerooting,

duplicate structure, or tie-breaking. Weighting by observed search loss directs

larger updates toward trajectories that required substantial search effort, en-

couraging the policy to shift probability mass toward solution paths whose

increased probability may reduce future search effort.

The implementations discussed in this thesis do not apply additional variance-

control mechanisms specific to the Levin loss, such as loss clipping, normal-

ization, logarithmic transformation, or a baseline.
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Chapter 4

Bayes DistNet: A Robust Neural
Network for Algorithm Runtime
Distribution Predictions

This chapter is joint work with Michael Buro. It was previously published at

the AAAI Conference on Artificial Intelligence [102].

Within this thesis, this chapter provides the distributional prediction com-

ponent used in Chapter 5 for instance-specific restart control.

4.1 Introduction

Many of the algorithmic solvers for NP-complete problems, such as CSP and

SAT, rely on backtracking methods. These solvers can have runtimes that

vary substantially, depending on whether they make mistakes caused by sub-

optimal heuristics during the recursive backtrack calls. Adding randomization

and restarts to the backtrack algorithms has been shown to help alleviate some

of the heavy-tail nature that these runtimes exhibit, decreasing the algorithm’s

runtime by many orders of magnitude in some cases [39, 43].

If the underlying runtime distribution (RTD) is known for a particular

algorithm, then an optimal fixed cutoff-time restart strategy can be formulated

[64]. Knowing the underlying RTD can also lead to efficient use of algorithm

portfolios, which can dynamically assign algorithms to input instances based

on the predictive RTD. These are just a few reasons why it is important to have

models which are robust and can give accurate RTD predictions for unseen
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instances.

The current state-of-the-art RTD prediction models are designed to give

exact parametric distributions as output, with the model predicting the partic-

ular distribution parameters [27]. However, these models make the assumption

that the particular algorithms on the given instances follow a particular para-

metric distribution. These models also tend to have their predictive power

hindered in the presence of a small number of observations per input instance

or with censored examples (only a lower bound for the runtime is known). The

goal of this chapter is to develop a robust model under these conditions and

to lift some of the restrictions imposed by existing models.

The remainder of this chapter first reviews randomized algorithm runtime

prediction and Bayesian deep learning. It then describes the Bayesian exten-

sion and evaluates it in several scenarios. The following chapter applies this

predictive model to instance-specific restart control for policy tree search.

4.2 Background and Related Work

In this section, we give an overview of randomized algorithm runtime predic-

tion and Bayesian learning in neural networks.

4.2.1 Randomized Algorithm Runtime Prediction

Problems such as CSP and SAT are NP-complete, meaning that there is cur-

rently no guarantee there is a polynomial time solution technique. The domi-

nant solver technique for these types of problems is backtrack search, in which

heuristics pick an unbound variable, assign a value to it, and the search pro-

ceeds recursively. If an inconsistency is detected, the algorithm backtracks and

tries another assignment to that variable.

A consequence of using backtrack-based solvers is that early mistakes can

cause long searches down branches of the search tree which eventually need

to be backtracked. This leads to the so-called “heavy-tail” phenomenon, in

which the runtime of these algorithms exhibits tails which are not exponen-

tially bounded. Harvey [43] was the first to show that adding randomization
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and restarts to the backtracking algorithm can alleviate the issue of wasting

time on eventual dead-ends. Gomes et al. [39] presented general methods for

introducing controlled randomization, and showed that speedups of several

orders of magnitude could be achieved for state-of-the-art algorithms.

Introducing randomness into algorithms means that a given algorithm run

on the same input problem instance has a runtime which follows some initially

unknown distribution. There are many reasons why one would want the ability

to predict such runtime distributions (RTDs). Luby et al. [64] showed that if

one knows the underlying RTD, then it is possible to construct a fixed cutoff-

time restart strategy that is optimal among all possible universal strategies,

up to a constant factor. Other popular CSP and SAT solvers use a portfolio

of various algorithms, such as SATzilla [108] and ArgoSmArT [73]. Knowing

the RTDs of each algorithm in the portfolio allows such solvers to choose the

best algorithm for a given problem instance.

The majority of the early work for predicting algorithm runtimes involved

predicting mean instance runtimes, given the instance’s features. Many of

these methods were based on regression variants, such as ridge regression used

in SATzilla [108].

Gagliolo and Schmidhuber [32] investigated using a neural network to pre-

dict the time remaining before an algorithm reaches the solution on a given

problem instance, in the context of algorithm portfolio time allocation. Pre-

vious methods for predicting RTDs had separate models for each distribution

parameter. DistNet [27] established a new state-of-the-art RTD prediction

model which jointly learns the parameters of the RTD by using a neural net-

work. Each output node of the neural network corresponds to a parameter for

the given distribution. The neural network’s loss function directly minimizes

the negative log-likelihood (NLLH) of the distribution parameters, given the

observed runtimes.

4.2.2 Bayesian Neural Networks

Traditional neural networks can be viewed as a probabilistic model: given a

dataset D = {(xi, yi)}Ni=1, the parameterized model P (y | x,w) takes in a
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d-dimensional input x ∈ Rd and computes a point estimate for each output

y ∈ Y . Training most commonly involves finding the set of weights w which

maximizes the likelihood of the data.

These networks can be prone to overfitting, especially when the number of

model parameters is sufficiently greater than the number of training samples.

Regularization techniques like using weight priors and dropout [96] have been

proposed to mitigate overfitting.

Bayesian neural networks (BNNs) [65, 70] extend traditional neural net-

works by replacing the network’s deterministic weights with a prior distribution

over these weights, and using posterior inference. The full posterior distribu-

tion of the model’s parameters w is used when making predictions of unseen

data. Prediction for this type of probabilistic model involves taking the ex-

pectation over the optimized posterior distribution P (w | D). The posterior

predictive distribution of unseen data (x̂, ŷ) is given by

P (ŷ | x̂) = EP (w|D) [P (ŷ | x̂,w)]

=

∫︂
P (ŷ | x̂,w)P (w | D) dw.

Bayesian neural networks can help with overfitting as the model implicitly

involves using an ensemble of an infinite number of neural networks by aver-

aging over all possible weight values, while adding a constant multiple number

of network parameters, determined by how many parameters the paramet-

ric distribution has. Bayesian neural networks primarily represent epistemic

uncertainty through uncertainty over weights. Aleatoric uncertainty must be

represented through the likelihood or predictive distribution used for the ob-

servations. Aleatoric uncertainty captures uncertainties which are inherent to

running statistical trials, like the outcome of a dice toss. This type of uncer-

tainty cannot be reduced, no matter how much data is collected. Epistemic

uncertainty captures the uncertainty in the model being used, which is due to

limited data and/or knowledge. This type of uncertainty can be reduced with

more data.
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Both inference and prediction for BNNs require access to the posterior

distribution over weights,

P (w | D) = P (D | w)P (w)

P (D)
=

P (D | w)P (w)∫︁
P (D | w′)P (w′) dw′ .

Although the prior P (w) can be chosen, the normalization term P (D)

requires integration over the full weight space. For neural networks, this inte-

gral is generally computationally intractable, making exact posterior inference

impractical. Sampling-based methods such as Markov Chain Monte Carlo

(MCMC) methods [36] can be used to approximate this posterior, but they

typically scale poorly as the number of parameters and data points grows,

which limits their practicality for modern neural networks [10].

A common alternative, suggested by Hinton and Van Camp [45] and Graves

[40], is to use a variational approximation for the posterior P (w | D). Varia-

tional methods construct a new distribution q(w | θ), parameterized by θ, that

approximates the true posterior P (w | D) by minimizing the Kullback-Leibler

(KL) divergence between the two:

θVI = arg min
θ

KL [q(w | θ)||P (w | D)]

= arg min
θ

∫︂
q(w | θ) log q(w | θ)

P (w)P (D | w)
dw

= arg min
θ

KL [q(w | θ)||P (w)]− Eq(w|θ) [logP (D | w)] .

We denote θVI as the parameters found from variational inference methods.

Bayes by Backprop [12] uses the above to form the cost function

JBBB(D,θ) = KL [q(w | θ) || P (w)]− Eq(w|θ) [logP (D | w)] . (4.1)

The intuition for the above cost function is that there is a tradeoff between

having a variational posterior that is close to the prior we choose yet also able

to explain the likelihood of the data.

However, while this avoids exact computation of the true posterior, the

objective is still not available in closed form for general neural networks, since

it contains an expectation over a high-dimensional distribution of weights.

Moreover, because the weights are sampled from q(w | θ), the loss involves
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stochastic nodes through which ordinary backpropagation cannot be applied

naïvely. Bayes by Backprop [12] addresses this by using Monte Carlo sampling

together with the reparameterization trick [52, 75] to obtain a differentiable

stochastic approximation of the objective. This results in the approximation

to Equation 4.1 as

JBBB(D,θ) ≈
1

M

M∑︂
r=1

[︁
log q(w(r) | θ)− logP (w(r))− logP (D | w(r))

]︁
, (4.2)

where M is the number of Monte Carlo samples and w(r) is the set of weights

drawn from the r-th Monte Carlo sample of the variational posterior q(w |

θ). Having a computationally efficient way of training BNNs has allowed

extensions to other network architectures like RNNs [31] and CNNs [92], as

well as studies into utilizing the uncertainty measures the BNNs provide [4,

49].

4.3 Problem Formulation

We follow the same problem statement introduced by Eggensperger et al.

[27]: A randomized algorithm A is run on a set of n problem instances

Ξtrain = {ξ1, . . . , ξn}. Each instance ξ ∈ Ξtrain has m instance features f(ξ) =

[f(ξ)1, . . . , f(ξ)m]. Since algorithm A is randomized, k runtime observations

t(ξ) = [t(ξ)1, . . . , t(ξ)k] are gathered by executing A on problem instance ξ,

with k different random number generator seeds. The goal is to learn a model

that can predict the RTD for unseen instance ξn+1, given features f(ξn+1).

Because it is common during the data generation stage to terminate the

algorithm on hard problem instances which take a long time to solve, the

exact runtime may not be known. Ideally, we would like to make use of the

measured runtime lower bound without discarding the data and wasting time.

From this motivation, we also consider cases where there is censoring, i.e.,

stopping the algorithm execution if it exceeds a cutoff time tc. We define the

level of censoring as the fraction of runtime observations which are censored

due to exceeding a cutoff time tc. If there are N runtimes in total, with a

predetermined level of censoring of c, then tc is defined as the u-th fastest
63



runtime where u = ⌊N(1− c)⌋ for 0 ≤ c < 1. The adjusted runtimes t′(ξ)i are

thus set as min(t(ξ)i, tc) for all i.

4.4 A Bayesian Approach to Predicting RTDs

Previous methods for predicting RTDs would fit RTD parameters to the set

of runtimes for each training instance, then measure loss in the space of RTD

parameters β. Eggensperger et al. [27] introduced DistNet, a new state-of-

the-art algorithm runtime prediction model, which is the first of its kind that

jointly learns all RTD parameters (as opposed to having independent models

for each RTD parameter) by directly minimizing the NLLH loss function.

In this section, we extend DistNet with variational weight sampling to

obtain a more robust model in both low sample settings and for handling

censored observations.

4.4.1 DistNet - A State-of-the-Art Algorithm RTD Pre-
diction Model

Before we introduce our extensions, we give an overview of the DistNet model

[27]. DistNet is a simple feed-forward network for a given distribution F with

distribution parameter vector β. There is one input neuron for each instance

feature, and one output neuron for each distribution parameter βi. The novelty

of DistNet is that it directly minimizes the NLLH of the chosen distribution

F . The loss function used in DistNet is

JDN(w) = −
∑︂

ξ∈Ξtrain

k∑︂
i=1

logLF(β̂w,f(ξ) | t(ξ)i), (4.3)

where LF is the likelihood function of the parametric distribution F , and

β̂w,f(ξ) are the parameters of the distribution from the network output, with

current weights w.
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4.4.2 Extending DistNet with a Bayesian Neural Net-
work

To extend DistNet with a variational distribution over network weights, which

we will refer to as Bayes DistNet, a few changes need to be made to the

network. We start from the same base network, which has one input neuron

for each input feature, and uses simple feed-forward layers.

One possible Bayesian formulation would have each sampled network out-

put the parameters β of the chosen distribution F , evaluate the correspond-

ing observation likelihood, and form a Monte Carlo mixture for prediction.

Instead, the implementation used here represents the predictive distribution

through a stochastic ensemble of scalar runtime outputs.

The network directly outputs predicted runtimes ŷ. By sampling the net-

work, a sequence of runtimes is produced which is assumed to follow F . The

parameters of F can then be approximated by computing their maximum like-

lihood estimates (MLEs), denoted β̂MLE. The choice of F can ensure that we

have analytical formulations of β̂MLE, which are fast to compute using deep-

learning framework intrinsics, and whose gradients can be tracked from the

loss function.

The model uses a variational distribution q(w | θ) over weights together

with a prior P (w). Following Blundell et al. [12], we assume that the varia-

tional posterior q(w | θ) is a diagonal Gaussian distribution with mean µ and

standard deviation σ. While it is possible to use a multivariate Gaussian, a

diagonal Gaussian allows for simple computations without major numerical is-

sues. To be able to use backpropagation, we use the reparameterization given

by Blundell et al. [12], which obtains a sample of weights w for each layer by

the following procedure: Sample the parameter-free noise ϵ ∼ N (0, I), and let

σ = log(1 + exp(ρ)). We can then denote θ = (µ,ρ), and the parameteriza-

tion of σ ensures that the values are always greater than 0. The weights w

can then be sampled by w = µ + σ ◦ ϵ, where ◦ is point-wise multiplication.

Once a particular set of point-wise weights is sampled for each of the layers

of the network, those weights are then used as in the traditional feed-forward
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layers.

Since the network’s task is to predict runtimes directly, it has a single

output neuron. The network output ŷ represents the predicted runtime for a

particular set of point-wise weights sampled from each layer. To get a pre-

dictive distribution for a particular instance ξ, Monte Carlo sampling is used:

the same instance feature vector f(ξ) is evaluated under multiple weight sam-

ples from the variational posterior. Let M denote the number of Monte Carlo

samples. For r = 1, . . . ,M , let w(r) ∼ q(w | θ) and let ŷ(r)ξ denote the runtime

predicted for instance ξ by evaluating the Bayesian network on f(ξ) using the

sampled weights w(r). The predicted runtimes ŷ(1)ξ , . . . , ŷ
(M)
ξ are then treated

as samples from the chosen distribution family F , and the corresponding dis-

tribution parameters are estimated by maximum likelihood:

β̂MLE
ξ := MLEF

(︂
ŷ
(1)
ξ , . . . , ŷ

(M)
ξ

)︂
. (4.4)

Thus, as in DistNet, the distribution parameters remain instance-dependent.

The difference is that Bayes DistNet obtains these parameters indirectly from

Monte Carlo samples of predicted runtimes rather than directly from the net-

work output.

Combining the Monte Carlo weight regularization term with the likelihood

of the MLE-induced runtime distribution yields the following ensemble-derived

training objective:

JBDN(D,θ) =
1

M

M∑︂
r=1

[︁
log q(w(r) | θ)− logP (w(r))

]︁
−

∑︂
ξ∈Ξtrain

k∑︂
j=1

logLF
(︁
β̂MLE
ξ | t(ξ)j

)︁
, (4.5)

where β̂MLE
ξ is computed separately for each training instance ξ using the M

predicted runtimes obtained by evaluating the Bayesian network on f(ξ). The

dependence of β̂MLE
ξ on the sampled weights w(1), . . . ,w(M) and variational

parameters θ is suppressed for notational convenience. Because the likeli-

hood depends jointly on the full set of sampled weights through β̂MLE
ξ , this

objective is not the standard Bayes-by-Backprop ELBO for a per-weight ob-

servation model. Here, the variational weight distribution is used to generate
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the stochastic ensemble of scalar runtime predictors, while Equation 4.5 is the

ensemble-derived objective used to train that representation.

4.4.3 Observing Censored Runtimes

In our application domain, censoring occurs when an algorithm needs to be

stopped before completion, i.e., we only know a lower bound on the time it

takes to actually complete the algorithm. There is a rich history in survival

analysis on handling different types of censored data, and we recommend Klein

and Moeschberger [53] for background reading. Gagliolo and Schmidhuber [33]

first introduced handling Type I censored sampling in the context of algorithm

runtime prediction, and we give the explanation for clarity.

If censoring time of tc is used, then tc is the maximum time an algorithm

can run before being terminated. The dataset now consists of triples

D = {(f(ξ), t′(ξ)j, δξ,j) : ξ ∈ Ξtrain, j = 1, . . . , k} ,

where

t′(ξ)j = min(t(ξ)j, tc), δξ,j = I [t(ξ)j ≤ tc] .

Thus, δξ,j = 1 indicates that the runtime observation was not censored, while

δξ,j = 0 indicates that the observed value is only a lower bound.

Let fF denote the density of distribution F with parameters β, and let

SF denote the corresponding survival function. If the runtime is not censored,

then its contribution to the likelihood is the density evaluated at the observed

runtime. If the runtime is censored, then all we know is that the true runtime

exceeds the cutoff, so its contribution is the survival probability. Combining

these two cases, the likelihood contribution of observation (ξ, j) is

LF

(︂
β̂MLE
ξ | t′(ξ)j, δξ,j

)︂
= fF

(︂
t′(ξ)j | β̂MLE

ξ

)︂δξ,j
SF
(︂
t′(ξ)j | β̂MLE

ξ

)︂1−δξ,j
, (4.6)

which is then used to replace the likelihood term in the Bayesian cost function

(Equation 4.5) from above.
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4.4.4 Applying Bayes DistNet to RTD Prediction

For comparative results, we follow the same preprocessing procedure from

Eggensperger et al. [27]. Input instance features are standardized to mean 0

and standard deviation 1, and observed runtimes are scaled into the range of

[0, 1]. For a level of censoring c, where c is the fraction of censored runtimes

from a total of N , the cutoff time tc is the u-th fastest runtime, where u =

⌊N(1− c)⌋. The runtimes are then set to min(t(ξ)i, tc), and the observations

include whether censoring occurred or not.

Both the reference DistNet model and our new Bayesian variant share the

majority of the network architecture proposed by Eggensperger et al. [27]. The

input layer has a neuron for each instance feature. This is then followed by

two hidden fully connected layers, each of which has 16 neurons. DistNet has

a fully connected output layer with one neuron per parameter for the specific

parametric distribution, whereas Bayes DistNet has a single output.

The Bayes DistNet architecture also has a prior P (w) and a variational pos-

terior q(w | θ) that needs to be specified. As previously noted, we use a diago-

nal Gaussian variational posterior, with initial parameters θinit = (µinit,ρinit),

µinit ∼ N (0, 0.12) and ρinit ∼ N (−3, 0.12), where 0.1 denotes the standard

deviation in both initializations. The chosen µinit ensures weights are initial-

ized around 0 (just as we would for a standard neural network), and ρinit is

initialized to a small value, as we found learning is not as stable otherwise

[92]. For the prior, we follow the proposal from Blundell et al. [12] of using a

mixture of two Gaussian distributions

P (w) =
∏︂
i

[︁
αN (wi; 0, σ

2
1) + (1− α)N (wi; 0, σ

2
2)
]︁
,

where N (x;µ, σ2) is the Gaussian density evaluated at x with mean µ and

variance σ2, with α = 0.5, σ1 = 0.3, and σ2 = 0.01. Changing these parameters

did not make a noticeable difference so long as σ1 > σ2 and σ2 ≪ 1, as per

Blundell et al. [12]. When performing inference and prediction, we use 16

Monte Carlo samples. As with previous studies [31, 92], a large number of

samples gives marginally better results at the cost of computation time. We
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did not find much improvement beyond 16 samples.

DistNet uses the tanh activation function, with the exception of the expo-

nential activation function on the output layer to ensure the output distribu-

tion parameters are > 0. Bayes DistNet, on the other hand, uses softplus [38]

on all layers as an architectural choice; the positive final activation ensures

positive scalar runtime predictions. The positivity of variational posterior

standard deviations is enforced separately by σ = log(1 + exp(ρ)). We then

largely follow the hyperparameter choices from Eggensperger et al. [27], whose

DistNet model we are basing our Bayes DistNet model from. Both network

architectures use stochastic gradient descent (SGD), with batch normalization

[46], L2-regularization of 1e−4, a learning rate of 1e−3 which exponentially de-

cays to 1e−5 over 500 expected epochs, and gradient clipping of 1e−2. Early

stopping [85] is used on a separate validation set to reduce overfitting.

4.5 Experiments

The focus of our experiments is to see how our Bayesian model compares with

the current state-of-the-art in settings with few observations, and with various

levels of censoring. When gathering data to train the models, using fewer

observations requires less time for the data gathering process. Moreover, being

able to handle censored examples also means that one can still use instances

which stop prematurely as training data, instead of throwing them away. There

are also many domains in which much of the data is censored, such as survival

data in medical trials, or nodes that remain in the open list when heuristic

search methods are used.

For both experiments, we look at two different algorithms run on different

problem instances, with the data gathered by Eggensperger et al. [27]:

• Clasp-factoring: The Clasp [35] CDCL solver running on SAT-encoded

factorization problems.

• LPG-Zenotravel: The LPG [37] local search solver for planning graphs

running on the Zenotravel planning domain [82].
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Both DistNet and Bayes DistNet require a parametric distribution: DistNet

directly outputs parameters for this distribution, and both use the distribu-

tion in the loss function. For both of the above scenarios, Eggensperger et

al. [27] considered different parametric distributions to use for DistNet. By

using the Kolmogorov-Smirnov (KS) goodness-of-fit test, they chose the top

two distributions to use in their comparison. For both Clasp-factoring and

LPG-Zenotravel, the inverse Gaussian and lognormal distributions were found

to have the closest fit to the empirical distributions as compared to the other

considered distributions. In our experiments, we also use these two distribu-

tions. The training process uses Python PyTorch 1.5 [80], and we make use

of an open source Bayesian Layers PyTorch library [92]. All experiments were

run on an Intel i7-7820X and Nvidia GTX 1080 Ti, with 64GB of memory

running Ubuntu 16.04.

4.5.1 Low Sample Count per Instance

We evaluated the performance of our Bayes DistNet model by varying the

number of observed runtimes per instance. Every instance starts with 100

observed runtimes, and a random subset of those 100 is selected. Having a

smaller number of observed runtimes per instance means that the total training

set is reduced. For testing, we keep all 100 observed runtimes for every instance

in the test set. The evaluation is performed using a 10-fold cross-validation,

with one run under each of 10 distinct seeds, and the results are averaged

across folds.

Figure 4.1 reports several metrics to evaluate the goodness-of-fit of each

model, compared to the empirical observed runtimes of the test set. The

likelihood is a way to measure how probable a model is, given the observed

data. A lower negative log likelihood (NLLH) thus indicates that one particular

model gives the observed data a higher probability of occurring. For both

scenarios of Clasp-factoring and LPG-Zenotravel, Bayes DistNet achieves a

lower negative log likelihood across various levels of samples per instance. At

the largest sample count tested, both DistNet and Bayes DistNet have similar

likelihood scores. The full tabulated results corresponding to Figure 4.1 are
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Figure 4.1: Comparison of DistNet and Bayes DistNet, for various numbers of
observed runtimes per instance. Metrics are averaged across 10 cross-validation
folds, each run with a distinct seed. From left to right: NLLH, KL-Divergence,
KS-Distance, and percentage of the density area outside the diagnostic range
of 0 to 1.5 times the maximum observed runtime for each instance.

given in Table C.1.

While the likelihood is a way to measure how probable a model is given

the data, it does not indicate the shape of the predicted runtime distribution.

We thus looked at two metrics to quantify how dissimilar the model’s pre-

dictive distribution shape is compared to the empirical distribution, namely

KL-Divergence and the Kolmogorov-Smirnov statistic (KS-Distance). For KL-

Divergence, we estimate the empirical RTD using a Gaussian kernel density

estimate with Scott’s bandwidth rule1, and report DKL(PKDE∥Pmodel). The

KS-Distance measures the maximal distance in height from the model’s CDF

to the empirical CDF. For both metrics, lower is better.

Our Bayesian model achieves lower KL-Divergence and lower KS-Distance

with respect to the empirical distribution, as compared to the DistNet model

across various levels of samples per instance. This indicates that, under these

estimators, the Bayesian model produces predictive RTDs that are closer in

shape to the empirical RTD. At the largest sample count tested, both models

predict RTDs that are similarly close to the empirical RTDs on average.
1as implemented by scipy.stats.gaussian_kde
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Figure 4.2: Comparison of DistNet and Bayes DistNet, for various levels of
censoring, each with 8 observations per instance. All metrics are averaged
across 10 cross-validation folds, each run with a distinct seed. From left to
right: NLLH, KL-Divergence, KS-Distance, and percentage of density area
outside the diagnostic range of 0 to 1.5 times the maximum observed runtime
for each instance.

4.5.2 Handling Censored Observations

We also evaluated our Bayes DistNet model by keeping the number of samples

per instance constant, but varying the percentage of censoring in the train-

ing data. We decided to use 8 samples per instance, as this was the number

of samples at which we started to see both DistNet and our Bayesian vari-

ant perform similarly without censoring. To have an accurate comparison, we

modified the DistNet loss function to include censored samples as well, fol-

lowing Equation 4.6. Figure 4.2 reports metrics similar to those used before

to evaluate the goodness-of-fit for both DistNet and our Bayesian variant, as

compared to the empirical RTDs. The full tabulated results corresponding to

Figure 4.2 are given in Table C.2.

The NLLH of both the best DistNet model and Bayes DistNet is identical

under no censoring. As the censoring percentage increases, both models are

trained on less fully observable data, and we expect the NLLH to increase.

Interestingly, we see that while both models have their NLLH increase, Bayes

DistNet increases at a slower rate than DistNet. This indicates that Bayes

DistNet has lower NLLH under the reported censoring protocol.
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Using the distance metrics again, we can see how similar our Bayesian

model is to the empirical RTD, as compared to DistNet. We expect both

the KL-Divergence and the KS-Distance to increase as the percentage of cen-

sored data increases. Both the best DistNet model and our Bayesian model

start with roughly similar distance metrics. As the percentage of censored

data increases, our Bayesian model’s distance metrics increase at a slower rate

compared to DistNet. Under this evaluation, our Bayesian model produces

distributions that are more similar to the empirical RTDs under censoring

than DistNet.

4.5.3 Predictive Uncertainty Under Synthetic Feature Shifts

A known issue with standard neural networks, which use point estimates for

weights, is that they tend to be overconfident in regions which had little or no

data during training. Neural networks fit a function to training data which

minimizes the chosen loss function. If deterministic weights are used, then a

single particular function of many possible ones is chosen for the data. This

function is then extrapolated to make predictions for inputs which may be

far from the data used to train the network, resulting in overconfident pre-

dictions. As a result, predictions for inputs far from the training data can be

overconfident.

Instead of using point estimates for weights, the variational weight ensem-

ble in Bayes DistNet averages predictions across sampled weight values. This

model averaging can, but need not, produce broader predictive intervals for

inputs far from the training data.

Figure 4.3 illustrates the behaviour of DistNet and Bayes DistNet under

a simple synthetic feature shift. Both networks were trained on the Clasp-

factoring dataset, except for a held-out sample, and both models use the

lognormal distribution in the loss function. The held-out sample then had

all its features shifted by values in the range [-8,8] to produce a spectrum of

shifted inputs.

The predictive distribution means and interquartile ranges were then plot-

ted for these samples. DistNet has small interquartile ranges for these shifted
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Figure 4.3: Predictive distributions under synthetic feature shifts for DistNet
and Bayes DistNet. Both models are trained on the Clasp-factoring dataset,
using the lognormal distribution loss function. Solid lines are mean predictions,
with shaded regions showing interquartile ranges.

inputs, whereas the Bayes DistNet interquartile ranges increase over the dis-

played shifts. This is an empirical observation for this held-out instance and

does not establish that variational weight uncertainty will increase under arbi-

trary distribution shifts. In sensitive or computationally expensive scenarios,

a fallback measure based on predictive uncertainty would require separate cal-

ibration and validation.

4.5.4 Discussion

In the reported comparisons, Bayes DistNet gives higher likelihoods of the data

and better matches the estimated empirical RTD shape in low-observation and

censored settings.

Both DistNet and Bayes DistNet require a parametric distribution. Both

use this distribution in the loss function for the likelihood, but DistNet directly

outputs its parameters, whereas Bayes DistNet fits them by MLE to the scalar

outputs of the weight-sampled ensemble. Thus, Bayes DistNet relaxes the re-

quirement that each network output directly encode the parameters of F , but

it retains F as the distribution used to fit and score the resulting runtime

representation. From Figures 4.1 and 4.2, we observe that the choice of para-
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metric distribution has a greater impact on DistNet than on Bayes DistNet in

the reported comparisons.

We finally give some insight into why Bayes DistNet can perform differ-

ently from DistNet even when the same parametric distribution is used. For

low numbers of samples per instance and various levels of censoring, Figures

4.1 and 4.2 respectively show where the predicted RTD densities lie. We plot

the percentage of total area under the RTDs outside the range [0, T ], where

T is 1.5 times the maximum observed runtime for each instance. This out-of-

range density is a diagnostic of extrapolation relative to the observed sample,

not a calibration metric: genuinely heavy-tailed RTDs can assign substan-

tial probability beyond the largest observed runtime. When a low number of

samples is used, Figure 4.1 shows that DistNet assigns more density outside

this diagnostic range in some cases. Figure 4.2 shows similar behaviour under

censoring.

In summary, both DistNet and Bayes DistNet perform similarly at the

largest non-censored sample count tested. As the level of censoring increases

and as the number of samples per instance decreases, Bayes DistNet achieves

better reported fit metrics than DistNet and more closely matches the KDE-

estimated empirical RTDs. The experiments compare Bayes DistNet with

DistNet; they do not constitute a comprehensive comparison with other un-

certainty or survival-modelling approaches.

4.6 Conclusions and Future Work

This chapter has shown how the DistNet architecture can be extended with

a variational distribution over weights and an ensemble-derived runtime ob-

jective. In the reported comparisons with DistNet, Bayes DistNet achieves

better fit metrics in low-observation and censored settings. The model relaxes

the requirement that network outputs directly encode an explicit parametric

distribution, while retaining a parametric distribution for fitting and scoring

the ensemble outputs.

Both DistNet and Bayes DistNet require a parametric distribution F to
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quantify the likelihood in the loss function. As previously mentioned, we chose

to have our Bayesian network output predicted runtimes directly instead of F ’s

parameters. A further direction is to develop an efficient method for having the

network output F ’s parameters and compare it with the present approach. Fu-

ture work could develop extensions that do not depend on a restrictive class of

parametric distributions. Finally, existing algorithm portfolio methods can be

extended to utilize the features of our Bayesian network, such as having access

to the uncertainty in predicting runtime distributions. Within this thesis, the

immediate application is the use of predicted trajectory-length distributions

to guide the restart shifts developed in Chapter 5.
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Chapter 5

Beyond the Universal Strategy:
Distribution-Guided Luby Tree
Search

This chapter presents a novel extension to LubyTS, using the model introduced

in Chapter 4. For background on LubyTS, see Section 3.3.2; for the predictive

model used here, see Chapter 4.

5.1 Introduction

Chapter 3 introduced Luby Tree Search (LubyTS) as a policy-guided sampling

method for the case in which an appropriate rollout depth is not known in

advance. Rather than committing to a single depth bound, LubyTS follows a

universal restart schedule, which guarantees that deeper rollouts are eventually

attempted while remaining competitive with the best fixed cutoff in hindsight.

This universality is attractive when little is known about the instance being

solved, but it comes at a practical cost: a substantial fraction of the schedule

is spent on very short rollouts. When solution trajectories are relatively deep,

these short trials can consume a large amount of computation while having

little chance of success.

A natural modification is to shift the Luby sequence schedule by a positive

base amount, so that every rollout begins deeper in the tree. However, a single

global shift is still instance-agnostic. The appropriate shift can vary substan-

tially across problems. On some instances, a small shift is sufficient because
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solution trajectories are comparatively short. On others, a much larger shift

is preferable because repeated shallow restarts waste effort before the search

ever reaches the relevant depth range. At the same time, overly aggressive

shifts can also be harmful. In domains such as Sokoban, long rollouts may

spend substantial effort inside deadlocked or otherwise unproductive regions

of the search tree before restarting. The difficulty is therefore not whether to

shift the Luby schedule, but how much to shift it for the particular instance

at hand.

Chapter 4 introduced Bayes DistNet, a distributional prediction model

that learns from censored observations and produces more reliable predictive

distributions when data are limited or truncated. In this chapter, we use

that model to predict, for each problem instance, a distribution over solution

trajectory lengths under the policy-guided sampling process. These predicted

distributions are then converted into instance-specific base shifts for LubyTS.

This yields a distribution-guided version of LubyTS that retains the practical

benefit of restart-based sampling while adapting its initial rollout depths to

the structure of the current problem.

The chapter makes two main points. First, instance-sensitive shifts are

more effective than a single global shift because they allow the restart sched-

ule to adapt to heterogeneity across problems. Second, since Bayes DistNet

can train from lower-bound observations, it remains informative even when

many long trajectories are censored during data collection. This is especially

important here, since difficult training problems are precisely the ones most

likely to exceed a collection cutoff and therefore produce incomplete observa-

tions.

5.2 Method

5.2.1 Distribution-Guided Luby Tree Search

We now describe how Bayes DistNet is used to produce instance-specific shifts

for LubyTS. A global shift can improve over the unshifted universal strategy

when successful trajectories are typically deep, but it must apply the same
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offset to every problem instance. In practice, however, the appropriate rollout

depth can vary substantially from one problem to another. The proposed

method therefore predicts, for each instance, a distribution over successful

trajectory lengths and uses that distribution to determine how much the Luby

schedule should be shifted for that particular problem.

Let ξ denote a problem instance, and let o(ξ) be its initial state observation.

For a fixed policy π, let Sξ denote the event that a collection run returns a

solution, and define Tξ ∈ N≥1 to be the length of its successful trajectory

conditional on Sξ. The quantity of interest is therefore the instance-dependent

trajectory length distribution

Fξ(t) := Pr(Tξ ≤ t | Sξ,o(ξ)). (5.1)

This is a conditional successful-trajectory-length model, not a model of the

probability of success or of a possibly infinite hitting time. Unsuccessful col-

lection runs, including runs that encounter dead ends or exhaust the collection

budget, are excluded rather than treated as censored trajectory lengths.

Although Bayes DistNet was introduced for runtime-distribution prediction

(Chapter 4), the model itself only requires a positive-valued target together

with optional censoring indicators. Here, we repurpose it to model success-

ful trajectory lengths instead of wall-clock runtimes. The predictor uses the

channel-first Sokoban state observation described in Appendix B, rather than

the handcrafted feature vectors used in the Chapter 4 experiments.

Given an instance’s state observation, the model produces a predictive dis-

tribution F̂ξ over successful trajectory lengths. A shift value is then extracted

from this distribution using a fixed quantile level τ ∈ (0, 1). Specifically, the

predicted shift for instance ξ is defined as

ŝτ (ξ) := ⌈QF̂ξ
(τ)⌉, (5.2)

where QF̂ξ
(τ) denotes the τ -quantile of the predictive distribution. The restric-

tion τ ∈ (0, 1) avoids the endpoint ambiguity of continuous distributions with

unbounded support for which the upper endpoint quantile is infinite. Because

the model predicts positive trajectory lengths and the shift is rounded upward,
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the implemented shift is at least one; it is then added to every A6519(i) term.

Intuitively, this selects a rollout-length offset that reflects the predicted scale

of successful trajectories for the given instance. Smaller values of τ yield more

conservative shifts, while larger values produce more aggressive ones.

This predicted value is used to translate the Luby restart schedule. Let

A6519(i) denote the i-th term of the Luby sequence (see Section 3.3.2). Then

rollout i on instance ξ is assigned length

di(ξ) = ŝτ (ξ) + A6519(i). (5.3)

In this way, the universal schedule is retained, but shifted by an amount that

depends on the current problem instance. The proposed method may therefore

be viewed as an instance-sensitive generalization of uniformly shifted Luby

search: rather than selecting one fixed base offset for all problems, it predicts

that offset separately for each instance.

In the experiments below, we also consider more aggressive diagnostic shifts

based on the finite set of Monte Carlo predictions produced by Bayes DistNet.

If ŷ(1)ξ , . . . , ŷ
(M)
ξ are theM predicted trajectory lengths sampled from the model

for instance ξ, define the sampled-maximum shift

ŝmax(ξ) :=

⌈︃
max

r=1,...,M
ŷ
(r)
ξ

⌉︃
.

For a multiplier ρ ≥ 1, we define the corresponding maximum-multiplier shift

as

ŝρmax(ξ) :=

⌈︃
ρ max
r=1,...,M

ŷ
(r)
ξ

⌉︃
.

These shifts are not distributional quantiles. They are included only as di-

agnostic stress tests to check whether performance improves simply by using

larger shifts, rather than by selecting an informative instance-specific scale.

5.2.2 Runtime Bound

The same argument used to bound LubyTS in Section 3.3.2 can be adapted

to the distribution-guided setting by conditioning on the shift selected for a

particular problem instance (see Theorem 3.3.2). In other words, once the
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model has chosen an instance-specific shift X = ŝτ (ξ), the resulting search

procedure can be analyzed as a fixed shifted restart schedule, yielding the

following expected search-effort bound. For a model-generated random shift,

the theorem applies after the Monte Carlo prediction has realized a fixed shift

X = x; it does not require the conditional trajectory-length model to estimate

the policy’s overall success probability.

Theorem 5.2.1. Let X ∈ N0 be a fixed shift, and let LubyTSX denote the

variant of LubyTS which samples rollout i to depth di = X + A6519(i). For

u ∈ N1, define

qX(u) := π+
X+u,

where π+
X+u is the probability that a policy-generated trajectory reaches a goal

within at most X + u steps. Then, under the sampled-transition convention

of Section 3.3, the expected number of sampled transitions LubyTSX requires

before returning some (random) first-hitting goal node n∗ ∈ GX+u ⊆ N g is

bounded by

E[L(LubyTSX , n∗)] ≤

min
u∈N1

qX(u)>0

[︃
u+

u

qX(u)

(︃
log2

u

qX(u)
+ 6.1

)︃
+
X 2⌈log2 u⌉

qX(u)

]︃
. (5.4)

Equivalently, since 2⌈log2 u⌉ ≤ 2u,

E[L(LubyTSX , n∗)] ≤ min
u∈N1

qX(u)>0

[︃
u+

u

qX(u)

(︃
log2

u

qX(u)
+ 6.1 + 2X

)︃]︃
. (5.5)

If there is no u such that qX(u) > 0, then the shifted schedule has no finite

success-probability depth to exploit, and the theorem provides no finite guaran-

tee.

The proof is in Appendix D.1. When X = 0, the shifted bound reduces to

the original LubyTS bound. For X > 0, the effect of the shift appears in two

competing ways. On one hand, the success probability term becomes π+
X+u, so

the bound can improve when shifting the schedule moves rollouts into a depth

range with substantially more solution probability mass. On the other hand,
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the shift is paid on every rollout, which introduces the additional overhead

term
X 2⌈log2 u⌉

π+
X+u

.

Thus, the theorem does not say that shifting is always beneficial. Rather,

it formalizes the tradeoff exploited by distribution-guided LubyTS: a good

instance-specific shift can reduce wasted shallow rollouts, while an overly large

shift can increase the cost of each failed trial.

5.2.3 Training Data and Censoring

Training data for the predictor are obtained by collecting successful trajectory

lengths on the 10,000 problems used for training and validation. We use a

fixed policy obtained from the online Bootstrap process with PHS∗, and run

LubyTS 10 times with distinct random seeds on each problem. Each run

has a budget of 20,000 sampled transitions (environment interactions). When

LubyTS finds a solution within this budget, its rollout length is recorded; runs

that do not find a solution produce no finite trajectory-length observation for

that seed and are not included as censored samples. This procedure yields

86,056 observed rollout lengths from 100,000 possible problem-seed runs.

In the censoring experiment below, censoring is applied artificially to these

observed successful trajectory lengths. When an observed length exceeds the

censoring cutoff, it is recorded at the cutoff and treated as right-censored,

meaning that only a lower bound on that observed successful trajectory length

is retained.

A key advantage of using Bayes DistNet is that such artificially censored

observations can still be incorporated during training through the censoring-

aware likelihood given by Equation 4.6 from Chapter 4. Thus, artificially

censored successful observations do not need to be discarded entirely. Even

when the exact successful trajectory length is hidden by the censoring proce-

dure, the model can still learn that it exceeds the cutoff, which helps preserve

information about the upper tail of the trajectory-length distribution. This is

crucial for the present application, since the shift applied to the Luby sched-

82



ule is intended precisely to compensate for cases in which useful rollouts are

relatively deep.

5.3 Experiments

This section evaluates whether distribution-guided shifts improve the practi-

cal performance of LubyTS. The proposed method is compared against two

baselines. The first is standard LubyTS, which uses the unshifted universal

schedule from A6519. The second is a uniformly shifted variant of LubyTS,

which applies the same global shift to every problem instance. This second

baseline isolates the benefit of applying a uniform shift relative to the unshifted

schedule, while the proposed method evaluates a problem-specific shift under

the selected rule. The reported validation and test curves each use a single

fixed LubyTS random seed; they are not averages over repeated search runs

and do not include uncertainty bands. For the distribution associated with

the Bayes DistNet loss function, we use the lognormal distribution, as Tuero

and Buro [102] showed it works well across multiple scenarios. Unlike the fully

connected model used in the Chapter 4 experiments, this application uses a

convolutional ResNet variant with variationally sampled convolutional weights

to process state observations.

5.3.1 Environment

To test our proposed method, we evaluate on the Sokoban environment (see

Appendix B.4). The agent is tasked with pushing boxes onto designated goal

locations. Since the agent can only push boxes, not pull, the environment

state can become deadlocked due to boxes getting stuck along walls. Sokoban

is PSPACE-hard [21], and we use the problems from Boxoban [41]. The 10,000

problems used for trajectory-length collection are split into a training set and

a validation set. The training set is used to fit the empirical trajectory-length

distribution for the uniform-shift baseline and train Bayes DistNet. The val-

idation set is used only to select the shift rule, such as the quantile level or

sampled-maximum multiplier. The held-out test set is used only for the fi-
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nal evaluation after all shift rules have been fixed. The implementation uses

Python 3.12.12 and PyTorch 2.9.0 on an Intel i9-7960X CPU with an NVIDIA

RTX 3090 GPU and 128 GB of system memory, running Ubuntu 24.04. For

all validation and test experiments, a maximum budget of 256,000 sampled

transitions is used. In our experiments, we use the first 10,000 training prob-

lems, split into 9,000 training problems and 1,000 validation problems, and the

first 1,000 test problems. This is the fixed source ordering used in the original

experiments; the results are conditional on this split and do not establish that

the source ordering is random.

5.3.2 Selecting the Shift Rule

Both shifted methods require a rule for converting trajectory-length data into

a shift value. This rule is selected on a validation set that is disjoint from

both the training set and the final test set. The training set is used to fit the

empirical trajectory-length distribution for the uniform baseline and to train

Bayes DistNet. The validation set is then used to choose the quantile level or

sampled-maximum multiplier using an equal-width sorted-effort score, calcu-

lated separately for the uniform-shift and Bayes DistNet candidate families.

Within either family, let cr,(j) denote the j-th smallest raw sampled-transition

count among the validation problems solved by candidate rule r, and let K be

the smallest number of validation problems solved by any candidate in that

family within the 256,000-transition budget. We select the rule minimizing

A(r) :=
K∑︂
j=1

cr,(j). (5.6)

Thus, every candidate within a family is compared over the same number

of solved problems; the criterion measures cumulative search effort over this

common solved prefix and does not reward a rule merely for solving more than

K problems. The two resulting scores use potentially different values of K and

are used only to select a rule within their respective families. Once selected,

the shift rules are fixed and evaluated on the held-out test set.
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Table 5.1: Validation statistics for selecting the uniform LubyTS shift. The
common solved-prefix width K is the minimum value in the Solved column,
and A(r) is the raw sampled-transition score from Equation (5.6). Lower A(r)
is better.

Shift Rule Solved A(r)

τ = 0.2 889 9,272,522
τ = 0.4 897 8,551,908
τ = 0.6 906 8,063,994
τ = 0.8 (selected) 912 5,463,424
max 924 7,372,754

Uniform Shift

For the uniform-shift baseline, a single empirical distribution is formed from

the successful trajectory lengths observed on the training set. For each candi-

date quantile level τ ∈ (0, 1), the corresponding empirical quantile is used as a

global shift value. We also evaluate the empirical maximum observed trajec-

tory length as a finite-sample diagnostic shift, denoted by max in Figure 5.1.

LubyTS is then evaluated on the validation set using each candidate global

shift, and the quantile level that gives the best validation performance is se-

lected. This produces one global shift rule, which is fixed before evaluating on

the held-out test set. Table 5.1 reports the validation statistics used to select

this rule. The resulting sampled-transition curves for different quantile levels

are shown in Figure 5.1.

Bayes DistNet

The proposed method uses the same validation-selection protocol, but at the

level of individual instances. Bayes DistNet is first trained using only the

trajectory-length data from the training set. For a validation instance ξ, the

model predicts a trajectory-length distribution F̂ξ, from which the instance-

specific shift is computed for each candidate shift rule. We then evaluate the

corresponding shifted LubyTS procedure on the validation set and select the

rule that gives the best validation performance. This selected rule is then fixed

and used without further tuning on the held-out test set. The candidate rules
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Figure 5.1: Validation-set search efficiency of LubyTS with a uniform depth
shift for varying shift rules. Curves labelled by τ use empirical quantile shifts,
while the curve labelled max uses the empirical maximum observed trajectory
length as the shift. The problems on the x-axis are sorted by the required
number of sampled transitions. The total number of sampled transitions on
the y-axis is shown in log scale.

include quantile shifts with τ ∈ (0, 1), as well as the finite-sample sampled-

maximum rules max, 2×max, and 4×max.

Table 5.2 reports the validation statistics used to select the instance-specific

rule. The resulting sampled-transition curves for different shift rules are shown

in Figure 5.2.

Analysis

Across both figures, a similar tradeoff can be observed in the choice of shift

rule. For the easier portion of the solved set, all shifted variants outperform

the unshifted Luby baseline, indicating that the universal schedule spends

substantial effort on shallow rollouts that are unlikely to solve these instances.

As the solved fraction increases, however, the more conservative shifts begin

to lose this advantage and can eventually underperform the A6519 baseline.

This suggests that such shifts are large enough to make failed rollouts more
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Table 5.2: Validation statistics for selecting the Bayes DistNet instance-specific
shift rule. The common solved-prefix width K is the minimum value in the
Solved column, and A(r) is the raw sampled-transition score from Equa-
tion (5.6). Lower A(r) is better.

Shift Rule Solved A(r)

τ = 0.2 895 8,816,779
τ = 0.4 905 8,002,951
τ = 0.6 908 6,514,845
τ = 0.8 932 6,098,823
max (selected) 933 4,475,679
2×max 922 4,939,351
4×max 926 7,507,953

expensive, but still too small to move the search reliably into the depth range

where solutions become likely. More aggressive shifts remain competitive over

a wider range because they probe deeper more quickly, but this trend does

not continue indefinitely: once the shift becomes too large, performance again

degrades as the search overcommits computation to long unsuccessful rollouts.

Overall, the figures suggest an intermediate “sweet spot” for the shift rule,

balancing the reduction in shallow-rollout waste against the cost of increasingly

aggressive failed trajectories.

For the universal shift baseline given in Figure 5.1, the validation-selected

quantile is τ = 0.8. For the Bayes DistNet model given in Figure 5.2, the

selected rule is the sampled-maximum shift ŝmax(ξ). This is an operational

rule based on M = 16 Monte Carlo predictions, not an intrinsic quantile of

F̂ξ; its behaviour can depend on M and on the prediction samples. We ad-

ditionally evaluated more aggressive shifts of two and four times the sampled

maximum, namely ŝ2max(ξ) and ŝ4max(ξ). These more aggressive variants per-

formed markedly worse. This is consistent with the tradeoff observed: while

larger shifts can reduce shallow-rollout waste, overly large shifts overcommit

computation to long failed trajectories. These comparisons show only that,

under the validation protocol used here, arbitrarily increasing the selected

maximum is harmful; they do not establish that the sampled maximum is the

optimal instance-specific scale or that it would remain selected for another
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Figure 5.2: Validation-set search efficiency of LubyTS with a problem-specific
depth shift from Bayes DistNet for varying shift rules. The problems on the
x-axis are sorted by the required number of sampled transitions. The total
number of sampled transitions on the y-axis is shown in log scale. Curves
labelled max, 2×max, and 4×max use the sampled maximum predicted tra-
jectory length, twice the sampled maximum, and four times the sampled max-
imum, respectively. These are diagnostic maximum-multiplier shifts rather
than quantile levels.

value of M . Because the uniform and Bayes DistNet methods select different

shift statistics, their comparison does not isolate the effect of instance per-

sonalization from differences in shift magnitude. The uniform-shift quantile

τ = 0.8 and the Bayes DistNet sampled-maximum shift rule are fixed in the

censoring experiments below.

5.3.3 Effect of Censoring

We next examine how the two shifted methods behave when the trajectory-

length data used to determine the shift are increasingly censored. In this

experiment, censoring is introduced by applying a cutoff to the training tra-

jectory lengths. For a censoring level γ, the cutoff is chosen so that approxi-

mately a γ fraction of the training observations exceed the cutoff. Trajectories

whose lengths do not exceed the cutoff remain uncensored, while trajectories
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whose lengths exceed the cutoff are recorded at the cutoff value and marked

as right-censored. Thus, the exact values of the largest trajectory lengths are

hidden, but the lower-bound observations are retained. We consider censor-

ing levels of 0%, 20%, 40%, and 60%. For each censoring level, censoring is

applied only to the training trajectory-length data. The uniform empirical

distribution and Bayes DistNet model are then fit from this censored train-

ing data. The uniform baseline does not use a censoring-aware likelihood,

whereas Bayes DistNet uses the censoring-aware likelihood from Chapter 4;

this comparison therefore assesses the complete proposed pipeline against a

naïve global empirical baseline, rather than isolating the effect of instance-

specific prediction alone. The shift rules themselves are not reselected on the

test set: the uniform-shift baseline uses the validation-selected quantile level,

and Bayes DistNet uses the validation-selected sampled-maximum rule. The

resulting methods are then evaluated on the held-out test set. Table 5.3 pro-

vides a tabular summary of the sorted-effort curves in Figure 5.3. For each

censoring level γ, Kγ is the smallest solved count among the compared meth-

ods, Aγ(r) is the sum of the first Kγ sorted raw sampled-transition counts,

and Aγ(r)/Kγ is the corresponding mean effort.

Figure 5.3 shows that under no censoring, both shifted methods improve

over the unshifted LubyTS baseline, with Bayes DistNet performing slightly

better overall. As the level of censoring increases, however, the two shifted

methods behave quite differently. The Bayes DistNet curve remains consis-

tently below the LubyTS baseline over the solved set, indicating that it largely

preserves its advantage even when a substantial fraction of the largest trajec-

tory lengths are censored. In contrast, the uniform-shift baseline degrades

progressively as censoring increases. This is visible in the point at which the

blue and green curves intersect: as the censoring level rises, that intersection

moves steadily to the left, meaning that the uniform-shift method becomes

worse than the unshifted Luby baseline over an increasingly large fraction of

the solved problems.

This pattern is consistent with how the two methods use the training

data, while also reflecting their different treatment of censored observations.
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Table 5.3: Tabular summary of the sorted-effort curves under training-data
censoring. For each censoring level, the common solved-prefix width Kγ is the
minimum value in that block’s Solved column. Aγ(r) is the raw cumulative
sampled-transition effort over this prefix, and Aγ(r)/Kγ is the mean effort per
problem.

Method Solved Aγ(r) Aγ(r)/Kγ

Censoring Level: 0%
LubyTS (A6519) 912 6,995,812 7,670.85
Uniform shift (τ = 0.8) 912 5,558,676 6,095.04
Bayes DistNet (max) 933 4,484,676 4,917.41

Censoring Level: 20%
LubyTS (A6519) 912 6,946,217 7,683.87
Uniform shift (τ = 0.8) 904 6,737,711 7,453.22
Bayes DistNet (max) 928 5,460,964 6,040.89

Censoring Level: 40%
LubyTS (A6519) 912 6,939,344 7,718.96
Uniform shift (τ = 0.8) 899 8,390,799 9,333.48
Bayes DistNet (max) 926 4,357,028 4,846.53

Censoring Level: 60%
LubyTS (A6519) 912 6,892,954 7,736.20
Uniform shift (τ = 0.8) 891 7,546,599 8,469.81
Bayes DistNet (max) 922 5,637,223 6,326.85

The uniform-shift baseline relies directly on the observed empirical trajectory-

length distribution, so censoring hides precisely the upper-tail values that are

most informative for choosing an effective shift. As a result, the estimated

global shift becomes increasingly biased toward smaller values, causing the

method to drift back toward the behaviour of the original universal schedule

while still paying the cost of an imperfect shift. Bayes DistNet, on the other

hand, does not discard these partially observed runs. Although the exact tra-

jectory lengths are not available, the model still receives the information that

they exceed the cutoff, allowing it to retain a more informative picture of the

right tail of the instance-specific trajectory-length distribution. The resulting

shifts degrade more gradually under the reported protocol.

Taken together, these results show more favourable behaviour for the pro-

posed pipeline under incomplete training data in this experiment. In the un-

censored setting, both shifted methods can improve over the universal strat-
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Figure 5.3: Effect of training-data censoring on the quality of shift estimation
for LubyTS. The methods compared are unshifted LubyTS using A6519, uni-
form shift with fixed quantile τ = 0.8 estimated from the censored empirical
distribution, and Bayes DistNet with the sampled-maximum shift rule trained
on censored and uncensored observations.

egy by reducing effort spent on shallow rollouts. Under increasing censoring,

however, only the Bayes DistNet approach continues to show the observed

improvement in this single-seed held-out test. This is precisely the regime in

which the censoring-aware distributional model from Chapter 4 becomes useful

for search control.

5.4 Chapter Summary

This chapter showed that, under the reported experimental protocol, the

restart behaviour of LubyTS can be improved by replacing a fixed global shift
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with an instance-specific shift predicted from conditional successful-trajectory-

length distributions. Using Bayes DistNet for this purpose showed more

favourable behaviour under artificial censoring than the naïve empirical global-

shift baseline, while preserving the benefit of moving computation away from

shallow, unproductive rollouts. The chapter therefore extends the rollout-

based policy tree search methods of Chapter 3 by demonstrating how distri-

butional prediction can be used to adapt restart depth to the problem instance

being solved.
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Chapter 6

Subgoal-Guided Policy Heuristic
Search with Learned Subgoals

This chapter is joint work with Michael Buro and Levi Lelis. It was previously

published at the Forty-second International Conference on Machine Learning

[103]. This chapter introduces extensions to Levin Tree Search and PHS∗.

Readers are directed to Section 3.4 for a complete overview of those methods.

Within this thesis, this chapter studies explicit intermediate structure as a

form of search control: learned subgoals direct policy-guided search and allow

training to use failed search trees.

6.1 Introduction and Overview

This chapter focuses on solving single-agent deterministic search problems,

using minimal domain knowledge. In particular, we are interested in “needle-

in-haystack ” problems, where finding any solution can be challenging. Many

important problems can be represented as a deterministic single-agent search

problem, such as robotic navigation [99] and network routing [63]. A recent line

of research to address this class of problems is policy tree search algorithms

[78, 79], which use a learned policy to guide the search, i.e., a probability

distribution over the set of actions available to the agent. Orseau et al. [78]

showed that LevinTS (Section 3.4.1) provides an upper bound on the number

of node expansions required to find a solution, with the bound depending on

the quality of the policy. Orseau and Lelis [79] generalized this view to search
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loss, showing how policy-guided search can be analyzed and trained under

cumulative expansion losses; in the unit-loss case, these search-loss bounds

reduce to bounds on node expansions.

Policy-Guided Heuristic Search PHS∗ [79] (Section 3.4.2) is a policy-guided

search algorithm that combines a learned policy and a heuristic function.

While there have been previous approaches to combining a policy and heuris-

tic/value function, such as the PUCT-based search algorithms [54, 87] like

AlphaZero [94] and MuZero [90] in adversarial search domains like Go and

Chess, Orseau and Lelis [79] show that PHS∗ is better suited for the single-

agent search problems considered here.

Policy tree search methods, including PHS∗, are usually trained online us-

ing the Bootstrap search-and-learn process [7] (Section 2.3.3). The Bootstrap

process initially uses randomly initialized neural models encoding the heuristic

and the policy to iteratively solve a subset of the problems. If the search can-

not solve problems within a search budget, the resulting trees are discarded;

if at least one problem is solved, the models are optimized on the solution

trajectories found. A problem with this approach is that much of the search

effort is wasted on failed attempts, especially in the early iterations of learning,

with untrained neural models.

A key innovation of our approach is that we use these failed search at-

tempts to learn subgoals, which can shorten the planning horizon and ease

the learning process. These failed attempts allow us to learn policies that

navigate between subgoals. Using subgoals to break down the search horizon

into smaller pieces has shown success in complex domains, as demonstrated

in kSubS [22], AdaSubS [110], and HIPS [57]. An issue with some of these

approaches is that they lack completeness, i.e., they might fail to return a

solution even if one exists. HIPS-ε [58] is a variant of HIPS that is complete.

However, HIPS-ε, as well as kSubS, AdaSubS, and HIPS, require precomputed

datasets of solution trajectories, which may be prohibitively costly in complex

environments.
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We propose a hierarchical policy for policy-guided tree search algorithms

that retains the completeness conditions of the underlying search method and

does not require precomputed solution trajectories. This is achieved by learn-

ing subgoal-guided low-level policies from the Bootstrap data. In our approach,

a subgoal generator produces a set of subgoals for a given state encountered in

the search. The low-level policy is then conditioned on each of these subgoals

and on the current state, thus providing one probability distribution over ac-

tions for each subgoal. A high-level policy produces a distribution over the

generated subgoals, which gives an importance weighting for each of the low-

level policies. The low-level policies are then mixed, based on the weighting

given by the high-level policy, to produce a final policy that guides the search.

In addition, we propose a method to learn these subgoals and policies using

the data provided by the tree search, even in contexts where a budget for the

search causes early termination without a solution.

In experiments, we evaluate training expansion efficiency, measured as the

cumulative node expansions required to learn effective policies, relative to other

search algorithms trained with the Bootstrap algorithm in a variety of problem

domains. We also show that policy tree search algorithms using our subgoal-

based policy can learn how to solve problems from domains that HIPS-ε cannot

solve.

Our contributions can be summarized as follows. We provide a novel sub-

goal discovery method for policy-guided tree search algorithms that learns from

data collected during search. Our method for learning policies automatically

reduces complex problems into easier sub-problems, by automatically learning

subgoals. Moreover, it can train neural policies from both successful and failed

searches, unlike other algorithms that learn with the Bootstrap process.

6.2 Related Work

Subgoal Search Our work is primarily related to other works that use sub-

goals in search. kSubS [22] learns a subgoal generator to predict resulting

states that are k steps ahead of the current state. AdaSubS [110] extends
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kSubS by learning multiple subgoal generators, each for a different look-ahead

depth k. Since both kSubS and AdaSubS search at the subgoal level, they

are not complete. HIPS [57] learns to segment trajectories through reinforce-

ment learning, then trains a subgoal generator using these trajectories and a

low-level policy to reach the generated subgoals. HIPS also searches at the

subgoal level, and thus is not complete. HIPS-ε [58] augments the subgoal

search by combining the subgoals and the actions of the environment. These

approaches require a precomputed dataset of solution trajectories, which our

approach does not require. Also, we showed empirically that HIPS-ε might

fail to solve problems when reconstructing the state is challenging, while our

approach is robust to reconstruction inaccuracies.

Goal-Conditioned Reinforcement Learning Identifying useful subgoal

states for policies to navigate between has shown promising results for solving

long-horizon tasks. There are many different approaches to how these subgoal

states are generated from the history of states the agent has visited. HIGL [50]

builds a graph of landmark states, from which a goal is selected. HILL [114]

and HESS [62] sample goal states from a learned embedding using distance

metrics. L3P [113] learns a latent space and then learns latent landmarks

through clustering, and finally decodes the cluster centroids as goals. DisTop

[8] clusters an embedding of the state space and samples a goal from one of

the selected clusters. Our method is different in that subgoals are found using

only the underlying properties of the state-space graph, without relying on

additional metrics to select subgoals such as novelty and reachability measures.

VQVAEs as Subgoal Generators Vector Quantized Variational Autoen-

coders [105] have become a popular model to use as a subgoal generator.

DGRL [47], Choreographer [66], and QPHIL [16] use VQVAEs to generate a

target subgoal observation, which is used with the current state as input to

policies. VQVAEs are generally trained on an offline dataset, separate from the

reinforcement learning task. CQM [60] trains a VQVAE to discretize contin-

uous observations, which is used to create a curriculum over landmarks. Our
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method trains a VQVAE to generate subgoal observations, but does so online,

while learning the policy. This allows our method to be used in scenarios

where generating quality training trajectories is too costly.

6.3 Preliminaries

We follow the same definition of a single-agent deterministic search problem

defined in Section 2.1. Readers are pointed towards Section 3.4.1 for the

background on Levin Tree Search, and Section 3.4.2 for the background on

PHS∗, as this chapter builds upon those works. The Bootstrap algorithm

[7] is used throughout this chapter to learn a neural policy and/or heuristic

functions from search. A detailed explanation of the Bootstrap process is given

in Section 2.3.3, and its pseudocode in Algorithm 2.

6.3.1 Problem Statement

Given a set of problem instances K, the objective is to solve them while

minimizing the total search loss. Concretely, we use the formulation provided

by Orseau and Lelis [79]: For a search algorithm S, a loss of ℓ(n) > 0 is

incurred by S expanding node n, and the search loss L(S, n) is the sum of

individual losses ℓ(n′) for all nodes n′ that have been expanded by algorithm

S up to and including n. The total search loss is then given by
∑︁

k∈K L(S, n
∗
k),

where L(S, n∗
k) is the search loss of algorithm S while finding a solution node

n∗
k on the k-th problem in K. For example, if ℓ(n) = 1 for all nodes n, then

the objective is to solve the problem instances using as few node expansions

as possible.

6.4 Method

We propose learning a subgoal-guided policy for policy search algorithms,

which uses learned subgoals from a subgoal generator to guide the search

through the use of policies conditioned on subgoals. In this chapter, we define

subgoals as states from the underlying state space that the search attempts
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to achieve. Unlike previous policy search methods, our policy uses data from

budget-bounded searches that fail to find a solution to train its neural policy.

Our method is given in Figure 6.1. Figure 6.1.a shows how the low-level

policy, high-level policy, heuristic, and subgoal generator models interact when

expanding a node during the search (Sections 6.4.1 and 6.4.2). During the

Bootstrap process used to train the policy, the heuristic, and the subgoal

generator models, the budgeted search will either terminate without a solution

or with a solution trajectory. When the budgeted search terminates without a

solution found, Figure 6.1.b shows how the search tree can be used to generate

subgoals and trajectories between them for the subgoal generator and low-level

policy to learn from, respectively (Section 6.4.3). Finally, Figure 6.1.c shows

how we use solution trajectories to train the heuristic model, low-level policy,

high-level policy, and subgoal generator (Section 6.4.4).

6.4.1 Subgoal-Guided Policy Search

Instead of a single policy π(·) that produces a probability distribution over ac-

tions, we employ several subgoal-conditioned low-level policies together with

a high-level policy over subgoals. The low-level policy πlow
θ (a | s, ŝgi) is condi-

tioned on a state s and a subgoal ŝgi , and represents a probability distribution

over actions to achieve ŝgi from s. For k subgoals, we generate a set of k prob-

ability distributions by conditioning πlow
θ on each of the k subgoals ŝgi . The

high-level policy πhi
ψ (ŝgi | s) gives a distribution over the k subgoals. These

low-level and high-level policies are implemented as neural networks parame-

terized by θ and ψ, respectively.

The subgoal-guided policy πSG(a | s) is then defined by weighting each

subgoal-conditioned low-level policy by the high-level policy and normalizing

over the actions applicable in state s. For any a ∈ A(s), we define

πSG(a | s) =
∑︁k

i=1 π
hi
ψ (ŝgi | s) · πlow

θ (a | s, ŝgi)∑︁
a′∈A(s)

∑︁k
i=1 π

hi
ψ (ŝgi | s) · πlow

θ (a′ | s, ŝgi)
. (6.1)

In the implementation, every primitive action in the fixed action set is at-

tempted, so the low-level and high-level softmax outputs make the denomi-
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(ii) Segment solution trajectory
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s0, a0, s1, ..., st′
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.

.
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(iii) Update subgoal generator

(iv) Update high-level and
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Figure 6.1: (a) Tree Search. Policy tree search generates subgoals to use
with πSG. (b) Training (Non-Solution). (i) The underlying graph that
induced the tree search is generated from the parent-child relationships found
during search, which is used to create a hierarchy of cluster graphs using the
Louvain algorithm. (ii) States scur and star are sampled from neighbouring
states in Gi from the graphs created by the Louvain Algorithm. (iii) The
resulting trajectory from scur to star is used to update the subgoal generator
and low-level policy. (c) Training (Solution). (i) The heuristic is updated
using the solution trajectory. (ii) The solution trajectory is segmented. (iii)
The subgoal generator is updated using the partial trajectory. (iv) The high-
level and low-level policies are updated using the segmented trajectories.
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Algorithm 10 LevinTS(πSG)

1: Input: Root node n1, policy πSG, budget B, goal set N g

2: Output: Solution path, or failure
3: return BestFirstSearch(n1, φSLTS, B,N g)

Algorithm 11 PHS∗(πSG)

1: Input: Root node n1, policy πSG, budget B, goal set N g

2: Output: Solution path, or failure
3: return BestFirstSearch(n1, φSPHS∗ , B,N g)

nator equal to one up to numerical precision. We retain the denominator to

make the normalization of the mixture explicit.

We can now define two cost functions which are analogous to φLTS and

φPHS∗ that were given in Equation 3.7 and Equation 3.18, respectively:

φSLTS(n) =
d(n)

πSG(n)
, (6.2)

and

φSPHS∗(n) = ηPHS∗(n; π
SG)

gℓ(n)

πSG(n)
. (6.3)

Here, ηPHS∗(n; π
SG) denotes the PHS loss factor with every occurrence of the

base path policy replaced by πSG. The two search algorithms that use the

subgoal-guided policy, denoted LevinTS(πSG) and PHS∗(πSG), are given in

Algorithm 10 and Algorithm 11, respectively.

6.4.2 VQVAE Subgoal Generator

We use a Vector Quantized Variational Autoencoder [105] (VQVAE), repre-

sented by a neural network parameterized by ϕ, as a subgoal generator. Our

design is similar to the one used in HIPS-ε [57].

VQVAE Architecture

VQVAEs utilize a codebook containing k learned D-dimensional embedding

vectors ei ∈ RD, i = 1, . . . , k. Inputs x are encoded by the encoder, resulting

in an encoded vector ze. The encoding vector is then mapped to a quantized

encoding vector zq which is the nearest embedding vector using Euclidean
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Figure 6.2: The VQVAE subgoal generator architecture.

distance:

zq = ec, where c = arg min
i
∥ze − ei∥2 . (6.4)

The discretized encoding vector is then passed through the decoder which

produces a reconstructed output x̂. The encoder receives a pair of channel-

first state observations (scur, star) and the decoder receives scur together with

the quantized code zq. The state representation is described in Appendix B.

The reconstruction loss is the sum of channel-wise cross-entropies between the

target and reconstructed binary state observations. The loss used to optimize

the encoder and decoder is

LVQ = Lrec(x̂,x) + β ∥ze − sg(ec)∥22 (6.5)

where sg(·) is the stop-gradient operation and β = 0.25. The codebook is

updated separately by exponential moving averages of encoder assignments,

rather than by the gradient-updated codebook loss in the original VQVAE

objective; implementation parameters are given in Appendix E.3.

The intuition behind the pair of current and target states given to the

encoder is that the encoder learns to capture the difference between the two

states into the encoding codebook vector. When the current state is given to

the decoder at runtime during search, the encoding codebook vector can be

used to recover the changes required to be made from the current state to re-

construct the target state. The VQVAE architecture is depicted in Figure 6.2.
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Figure 6.3: VQVAE subgoal generator inference during tree search. The state
observations, along with k codebook entries, produce k target subgoal states.
Low-level policies corresponding to each subgoal are then mixed, producing a
final policy to use in φPHS∗ .

Inference at Search

To generate the i-th subgoal during search, the node’s state s and the i-th

codebook entry ei of the VQVAE are given as input to the VQVAE’s decoder,

which produces a target subgoal state ŝgi . The k generated subgoals are then

used as inputs to the low-level and high-level policies, then combined to pro-

duce πSG(·), as described in Section 6.4.1.

The difference between our work and HIPS-ε is how the VQVAE subgoal

generator is used. We condition low-level policies on the generated subgoal

states to guide the search to reach these subgoals, but search is performed

at the search problem’s action level. HIPS-ε performs search at the subgoal-

level, where the resulting state-transition from a node expansion comes from

the generated state of the VQVAE. This can be problematic if the generated

subgoal states are not accurate reconstructions of actual states because the

reconstructed states might not be reachable by the search trying to find the

subgoals. We hypothesize that HIPS-ε will not be able to effectively guide

the search in complex environments for which state reconstruction is hard.

By contrast, our policy πSG(·) uses the reconstructed states only to condition

the low-level policies; decoded subgoals are not required to be physically valid

or reachable states. We further hypothesize that, in this πSG(·) scheme, even

imperfect reconstructions of subgoal states can be helpful in guiding the search.
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3. Sample edge (vk, v
′
k) from Ak.

4. Sample scur and star from vk and v′
k respectively

such that scur and star are in V0.

Figure 6.4: Overview of how the Louvain algorithm produces current and
target subgoals for the VQVAE subgoal generator to learn from.

Training the VQVAE Subgoal Generator

To train the VQVAE subgoal generator to generate candidate subgoal states,

(scur, star) are encoded into the continuous latent code ze, quantized to the

nearest entry in the codebook ec, then given to the decoder along with scur

to produce a reconstructed target ŝtar. The reconstruction loss Lrec(star, ŝtar)

given in Equation 6.5 is used to encourage the reconstructed target subgoal

state to match the given target state, along with a commitment penalty that

encourages the encoder output to remain close to its assigned codebook entry.

The full loss is denoted as LVQ, and this procedure is used to train the VQVAE

in scenarios where the search terminates without a solution being found (Sec-

tion 6.4.3) and when the search returns a solution trajectory (Section 6.4.4),

with the only difference being how scur and star are selected.

6.4.3 Training From Non-Solution Search Trees

We leverage data from search trees that during the online Bootstrap training

process would normally be discarded. This allows the subgoal-conditioned low-

level policy and subgoal generator networks to be trained on problem instances

where LTS and PHS∗ cannot find solutions. In the empirical section, we show

how this can lead to significant savings in the total search loss incurred during

the Bootstrap training process.

Different best-first search algorithms potentially generate different trees,

which induce different subgraphs of the underlying state space. We denote

the directed subgraph containing the generated states as G0. Each vertex
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represents one unique environment state; repeated encounters with a trans-

position reuse its vertex and add the corresponding directed transition edge,

without creating an additional vertex. All edges are unweighted. For Louvain

clustering, we treat G0 as undirected by ignoring transition directions and re-

taining an edge whenever either directed transition is present. If the search

cannot solve a problem instance during the online training process, we use this

undirected interpretation of G0 as the initial graph for the Louvain cluster-

ing algorithm [11]. The Louvain algorithm iteratively creates a hierarchy of

graphs (G0, . . . , GN) through clustering (Figure 6.4.i). Each iteration of the

Louvain algorithm consists of creating a hierarchical graph Gi+1 = (Vi+1, Ai+1)

from the current graph Gi = (Vi, Ai), where Vi+1 represents a partition of Vi,

where each v in Vi+1 represents a part in this partition. The set Ai+1 contains

edges (vi+1, v
′
i+1) for vi+1 and v′i+1 in Vi+1 only if there are a vi in vi+1 (vi is in

the part vi+1) and a v′i in v′i+1 (v′i is in the part v′i+1) such that (vi, v
′
i) in Ai.

This process continues until a graph consisting of a single node is produced,

or if Gi+1 = Gi. The pseudocode of this algorithm is given in Appendix E.1,

Algorithm 18.

We use the Louvain algorithm because Evans and Şimşek [28] showed it

to find meaningful structure in other state spaces. The difference between

our method and that of Evans and Şimşek [28] is that we learn to generalize

subgoals across instances, where they assumed the state-transition graph for

each individual problem was known a priori.

For a given clustering level k, the graph Gk produced by the Louvain

algorithm is selected. Two states scur and star are sampled from adjacent

clusters vk and v′k, respectively (Figure 6.4.2.ii). Cluster adjacency alone does

not guarantee directed reachability. We therefore perform a directed graph

traversal over the original transitions in G0 from scur to star; if no action-

direction path exists, the pair is rejected and resampled until a valid directed

path is found.

The VQVAE subgoal generator is then trained using (scur, star) as input

to generate the reconstructed target subgoal state ŝg of star, as described in

Section 6.4.2. The low-level πlow
θ policy is trained using the sequence of states
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Figure 6.5: Overview of how the subgoal generator learns from a partial tra-
jectory. The start and end of the trajectory are the current and target state
respectively. The VQVAE subgoal generator uses this pair to update, and the
low-level policy is updated using the partial trajectory.

and actions between scur and star in G0, while conditioned on ŝg (Figure 6.5).

6.4.4 Training From Solution Search Trees

If the search finds a solution, then the solution trajectory is used to train

the heuristic model hω using the costs of the current state along the solution

path to the goal state (Figure 6.6.i). Similarly to previous work, the heuristic

function is learned by minimizing the mean squared error between the model’s

predicted value and the actual cost to go for the states along the solution

path [7].

Instead of clustering, we segment the solution trajectory (s0, s1, . . . , st) into

sub-trajectories of length at most t′. For q = 0, 1, . . . , ⌈t/t′⌉−1, let iq = qt′ and

define the q-th segment as (siq , siq+1, . . . , smin(iq+t′,t)). Here, t′ = max(1, ⌊X⌋)

where X is sampled once per solution trajectory from a Normal distribution

with mean and variance calculated from the lengths of sampled trajectories

from the non-solution trees (Figure 6.6.ii). These lengths are maintained in

a circular buffer of size 10,000. Before the buffer contains an observation, we

use X ∼ N (5, 1) for the initial draw; segment endpoints are always clamped

to the remaining solution length by min(iq + t′, t). Sampling t′ ensures that

the average number of state transitions between the si and smin(i+t′,t) states is
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Figure 6.6: Overview of training from a solution trajectory. (i) The heuristic
is updated using the solution trajectory. (ii) The solution trajectory is seg-
mented. (iii) The subgoal generator is updated using the partial trajectory.
(iv) The high-level and low-level policies are updated using the segmented
trajectories.

close to scur and star sampled in the non-solution case.

For each sub-trajectory, scur and star are represented by si and smin(i+t′,t), re-

spectively. Similarly to Section 6.4.3, the VQVAE subgoal generator is trained

using (si, smin(i+t′,t)) as input to generate the reconstructed target subgoal state

ŝmin(i+t′,t) (Figure 6.6.iii). The low-level policy πlow
θ is trained using the se-

quence of states and actions (si, si+1, . . . , smin(i+t′,t)) while conditioned on the

subgoal ŝmin(i+t′,t). The high-level policy πhi
ψ is trained by generating the k

subgoals following the process outlined in Section 6.4.2 for the state si, of

which ŝmin(i+t′,t) is one of them, and uses ŝmin(i+t′,t) as the target for training

the policy πhi
ψ (Figure 6.6.iv). All policies are trained while minimizing the

Levin loss (see Section 3.4.4).

6.4.5 Analysis of πSG

Policy-guided search algorithms can be instantiated with the subgoal-guided

policy πSG by replacing the original policy π in their evaluation functions.
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This substitution does not change the underlying search space: the search still

expands primitive actions from A(s), while the generated subgoals only affect

how probability mass is assigned to those actions. Hence, the guarantees from

Chapter 3 apply to the corresponding base search algorithm with π replaced

by πSG, provided the assumptions of that algorithm are satisfied.

For LevinTS(πSG), the Levin-style bound applies to any goal node n∗ such

that πSG(n∗) > 0. In particular, the finite bound is with respect to solu-

tion paths that are policy-reachable under πSG; if all solution paths have zero

probability, no finite policy-based bound is obtained. For PHS∗(πSG), the

PHS bound likewise applies after replacing π by πSG, assuming a non-negative

expansion-loss function, η(n) ≥ 1, and a finite-cost solution node. Complete-

ness for the full underlying search problem requires the usual loss assumptions,

namely that each expansion has non-negative loss and that no infinite path

has finite cumulative path loss, together with sufficient policy support so that

at least one solution path is assigned positive probability. This is unlike other

subgoal tree search algorithms such as kSubS, AdaSubS, and HIPS, with the

exception of HIPS-ε.

6.5 Experiments

The goal of our experiments is to test whether the learning process of πSG im-

proves training expansion efficiency relative to existing approaches to learning

policies for search algorithms. We use this term to mean fewer cumulative node

expansions during Bootstrap training; wall-clock training efficiency is reported

separately where applicable. In the extreme case, this can enable policies to

be learned on complex domains in which the comparison methods require pro-

hibitively large expansion or wall-clock budgets before making progress. We

also evaluate the quality of the learned policies in terms of expansions and

solution cost on a separate test set.
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6.5.1 Environment Domains

Below are the environments tested throughout these experiments. For addi-

tional details about each environment, see Appendix B.

Box-World A 20 × 20 room with coloured keys and locked boxes [109].

Keys are consumed when used on a lock of the matching colour, with the

agent receiving a new key matching the colour of the box. The objective is to

open the designated goal box by opening the correct sequence of locks. If the

agent opens a corresponding lock on the wrong box, the resulting scenario can

become a dead end.

CraftWorld A 14 × 14 room with various raw materials and workbenches

[5]. The agent can collect raw materials to create tools. We generate problems

with the open-source level generator1 of the procedure detailed by Andreas

et al. [5].

BoulderDash A 14 × 14 room where the agent must gather a number of

diamonds to unlock the exit door, and proceed to enter it. Diamonds can be

inside locked sub-rooms in which the corresponding key must be gathered first.

Various dirt elements exist, which disappear once the agent walks over them,

and can significantly increase the state-space size. We generate problems by

randomly placing the keys, diamonds, and an exit door.

Sokoban A 10 × 10 room where the agent must push boxes onto specified

goal locations. The box can only be pushed; not pulled, so boxes can get stuck

on walls of the grid. Sokoban is PSPACE-hard [21]. We use the Boxoban

training and test problems [41].

Traveling Salesman Problem (TSP) A 10 × 10 grid-based environment

where the agent must visit all of the cities before returning back to the first

city it visited. The TSP is NP-hard [34].
1https://github.com/jacobandreas/psketch/tree/master
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6.5.2 Algorithms Evaluated

Algorithms with πSG

We evaluate our subgoal-guided policy πSG on both PHS∗ and LevinTS, which

we denote PHS∗(πSG) and LevinTS(πSG), respectively. Both PHS∗ and Lev-

inTS were shown to perform well in single-agent deterministic search prob-

lems [79].

Baselines

To evaluate the training expansion efficiency provided by our subgoal-guided

policy and data generation method from prematurely terminated trees, we

compare PHS∗(πSG) to PHS∗ and LevinTS(πSG) to LevinTS using their origi-

nal single policy formulation, denoted PHS∗(π) and LevinTS(π), respectively.

Following Orseau and Lelis [79], we also evaluate our policy formulation against

Weighted A* [83] with w = 1.5, which was reported to require fewer training

expansions than PHS∗ in some environments. We also test our method against

HIPS-ε, which is another complete subgoal-guided tree search method.

6.5.3 Experimentation Procedure

For evaluating the training expansion efficiency of different methods to learn

an effective policy, we use the setup of Orseau and Lelis [79]. A loss of ℓ(·) = 1

is used, which corresponds to the search loss L(S, n∗
k) being the number of

node expansions that an algorithm S requires to solve problem instance k.

PHS∗(π), LevinTS(π), and WA* are trained using the Bootstrap process (see

Section 2.3.3). PHS∗(πSG) and LevinTS(πSG) are trained using the process

outlined in Section 6.4. The Bootstrap process starts with a budget of 4,000

expansions and uses the budgeting update schedule noted in Section 2.3.3.

After each training sweep, performance is evaluated on the separate validation

set; training ends once at least 95% of validation problems are solved. During

the online training Bootstrap process, we record the number of outstanding

training problems which have yet to be solved, and the total accumulated

loss (expansions) incurred after every iteration. For the hard-domain training
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experiments, we also record wall-clock time: elapsed real time, which is not

summed across worker threads.

The training procedure outlined for HIPS-ε requires a precomputed dataset

of solution trajectories. Since it is not clear how to train HIPS-ε online using

the Bootstrap process, we do not include HIPS-ε in our training efficiency

results. The policy, heuristic, and subgoal generator models used in HIPS-

ε are trained following the procedure of Kujanpää et al. [58]. For Sokoban,

we use the offline datasets provided by Kujanpää et al. [58]. For Box-World,

CraftWorld, and BoulderDash, we use trajectories found by domain-specific

solvers over the same training set used to train the other systems with the

Bootstrap process.

Every domain has a disjoint set of 10,000 problem instances to train, 1,000

as validation, and 100 in the test set. Each algorithm is trained with five sep-

arate seeds, which determine the model initialization, the train and validate

problem instance partitions, and how the problems are shuffled when batched.

For the training efficiency experiment, we report the maximum, minimum,

and average number of outstanding problems in our plots of results. These

five-seed ranges are descriptive and are not confidence intervals or formal un-

certainty estimates. For testing, we record the number of problem instances

each algorithm was able to solve, the average number of expansions required

to solve those instances, and the average solution length. Following the eval-

uation procedure of Orseau and Lelis [79], the test tables report results from

a single selected seed rather than an average across seeds. Among the five

seeds, we select the one that solves the most test instances, with ties broken

first by fewer node expansions and then by shorter solution lengths. Under

the fixed test budget, solved count is the primary outcome. Reported expan-

sions and solution lengths are conditional means over solved instances; when

methods solve different numbers of instances, these values describe efficiency

among successful runs rather than an overall efficiency ranking. Due to the

large runtime costs of HIPS-ε, we limit the budget during testing to 8,000.
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6.5.4 Training Efficiency Results

The first set of training loss experiments focuses on domains that all the base-

line methods can solve. The total search loss incurred over the course of train-

ing, as measured by the number of node expansions, is shown in Figure 6.7.a.

In the Box-World, CraftWorld, and BoulderDash environments, the subgoal-

guided policy formulation PHS∗(πSG) and LevinTS(πSG) require substantially

fewer node expansions than PHS∗(π) and LevinTS(π), respectively, to solve

all 10,000 training instances. Sokoban is the only environment where PHS∗(π)

initially can solve more problems using fewer expansions, but both PHS∗(π)

and PHS∗(πSG) converge towards the end of training when only the harder

problems remain to be solved. We hypothesize that our method performs

worse in Sokoban than in the other problems due to the training data that the

clustering algorithm generates. While clustering finds important structures in

the other problems, it fails to find helpful structures in Sokoban.

The next set of experiments is similar to the above, but instead showcases

whether the training expansion efficiency of our method enables policies to

be learned in more challenging problems. For the domain environments with

access to level-generators, problem instances were generated to be sufficiently

hard, such as adding more diamonds for the agent to collect in BoulderDash.

All methods were given a maximum wall-clock time budget of 16 hours for

the online bootstrap training process, with the training loss curves given in

Figure 6.7.b and summarized in Table 6.1. The baseline algorithms were not

able to solve many of the training instances within the time budget, and in-

curred a large training loss. PHS∗(πSG) completed the training process within

the allocated wall-clock time on the evaluated hard domains, solving 9,985 of

10,000 CraftWorld instances and all BoulderDash and TSP instances. Despite

our method requiring a higher computational cost per node expansion due to

the use of several networks, its training expansion efficiency yields a substan-

tially smaller reported cost in node expansions and wall-clock time under this

protocol.
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Figure 6.7: Training curves for Subgoal-Guided Policy Heuristic Search and
baselines. The line is the average number of outstanding problems for the
respective number of expansions accumulated during training. Shaded regions
show the minimum and maximum outstanding problems across five seeds; they
are descriptive ranges, not confidence intervals.
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Table 6.1: Training efficiency results on the hard environments. Values are
means across five seed-specific training runs. “Expansions” represents the sum
over all problems, wall-clock time is measured in hours, and the maximum
value for “Solved” is 10,000.

Algorithm Expansions Time Solved

CraftWorld (Hard)

WA* (1.5) 350,169,632 16.01 1,850
LevinTS(π) 360,454,214 16.02 73
PHS∗(π) 324,718,860 16.04 54

LevinTS(πSG) 172,188,794 16.02 9
PHS∗(πSG) 125,089,420 13.74 9,985

BoulderDash (Hard)

WA* (1.5) 599,818,595 16.01 18
LevinTS(π) 636,718,638 16.04 16
PHS∗(π) 591,135,427 16.02 19

LevinTS(πSG) 284,044,919 16.02 31
PHS∗(πSG) 85,470,564 6.25 10,000

TSP (Hard)

WA* (1.5) 1,019,840,000 16.01 0
LevinTS(π) 1,107,904,000 16.02 0
PHS∗(π) 980,928,000 16.02 0

LevinTS(πSG) 105,838,613 4.55 10,000
PHS∗(πSG) 20,593,798 1.23 10,000
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The results on the easier and more difficult domains support the hypothesis

that our subgoal-guided policies can improve Bootstrap-training expansion

efficiency under the reported protocol.

6.5.5 Test Results

To test the quality of the learned policies, Table 6.2 reports solved count

together with conditional mean expansions and solution lengths on the stan-

dard problems. Among the methods that solve all standard test problems,

PHS∗(πSG) has the lowest conditional mean expansion count on all domains

except Sokoban. WA* is able to find solutions that are the closest on aver-

age to the optimal cost, but it requires considerably more node expansions.

With the exception of BoulderDash, LevinTS(πSG) and PHS∗(πSG) have lower

conditional mean expansion counts than LevinTS(π) and PHS∗(π), respec-

tively, among methods that solve all standard test problems. Taken together,

Table 6.2 and Figure 6.7 show that learning πSG can require fewer Bootstrap-

training expansions than the non-subgoal-based policies in the reported com-

parisons, while solving all standard test problems within budget (Table 6.2).

HIPS-ε was unable to solve any problem in BoulderDash, and the major-

ity of problems in CraftWorld within budget constraints. HIPS-ε performs

poorly in these reported domains under its separate, offline training regime.

Its reliance on subgoal-level search makes reconstruction quality a plausible

contributing factor in domains with complex observations, such as Boulder-

Dash and CraftWorld, but this comparison does not isolate that mechanism.

In Sokoban, HIPS-ε solved all test instances under the stated budget. Note

that expansions reported by HIPS-ε are not directly comparable to the other

algorithms, as it only counts the expansions performed in the learned subgoal

space, which does not include the costs such as grounding and verifying the

actual paths in the original state space. Since PHS∗(πSG) and LevinTS(πSG)

perform the search in the original space, they are more forgiving with recon-

struction errors from the subgoal generator.

Table 6.3 reports similar metrics for each algorithm on the test set of

the hard problems. Each problem instance was given a maximum budget
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Table 6.2: Results on the test set for each of the standard domain environ-
ments. Results are reported for the selected seed described in Section 6.5.3.
Solved count is the primary outcome; expansions and solution length are con-
ditional means over solved problems and are not overall efficiency comparisons
when solved counts differ. (†) Expansions reported for HIPS-ε are only for
the latent-level space, and thus are not directly comparable to the other algo-
rithms.

Algorithm Solved Expansions Length

Box-World (Standard)

WA* (1.5) 100 2,398.68 66.19
LevinTS(π) 100 605.05 67.91
PHS∗(π) 100 767.06 68.07
HIPS-ε 100 467.79(†) 67.39

LevinTS(πSG) 100 411.38 66.73
PHS∗(πSG) 100 378.58 66.75

CraftWorld (Standard)

WA* (1.5) 100 2,318.22 90.01
LevinTS(π) 100 262.76 93.93
PHS∗(π) 100 172.04 93.49
HIPS-ε 19 116.11(†) 92.47

LevinTS(πSG) 100 208.28 93.93
PHS∗(πSG) 100 103.23 94.54

BoulderDash (Standard)

WA* (1.5) 100 1,193.60 51.44
LevinTS(π) 100 61.33 52.90
PHS∗(π) 100 53.65 52.74
HIPS-ε 0 — —

LevinTS(πSG) 100 65.48 53.30
PHS∗(πSG) 100 53.34 52.68

Sokoban (Standard)

WA* (1.5) 100 1,091.45 32.81
LevinTS(π) 100 1,177.26 41.04
PHS∗(π) 100 1,523.38 39.40
HIPS-ε 100 80.55(†) 45.24

LevinTS(πSG) 100 496.87 41.85
PHS∗(πSG) 100 808.42 39.61
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Table 6.3: Results on the test set for each of the hard domain environments.
Results are reported for the selected seed described in Section 6.5.3. Solved
count is the primary outcome; expansions and solution length are conditional
means over solved problems and are not overall efficiency comparisons when
solved counts differ.

Algorithm Solved Expansions Length

CraftWorld (Hard)

WA* (1.5) 100 313,572.52 117.03
LevinTS(π) 0 — —
PHS∗(π) 0 — —

LevinTS(πSG) 100 395,557.94 123.29
PHS∗(πSG) 100 3,071.83 120.77

BoulderDash (Hard)

WA* (1.5) 16 271,636.94 58.19
LevinTS(π) 0 — —
PHS∗(π) 0 — —

LevinTS(πSG) 22 315,807.91 69.5
PHS∗(πSG) 100 172.32 84.5

TSP (Hard)

WA* (1.5) 1 502,624.0 45.0
LevinTS(π) 0 — —
PHS∗(π) 0 — —

LevinTS(πSG) 100 570.09 40.89
PHS∗(πSG) 100 41.93 41.73

of 512,000 node expansions. PHS∗(πSG) was able to solve all test problems,

while the other comparison methods struggled to solve a majority of them.

The exception is WA* on CraftWorld, where both methods solve all test prob-

lems but WA* requires over 100 times more node expansions on average than

PHS∗(πSG). Due to the complexity of the problem instances, HIPS-ε is omit-

ted from these results as it requires a dataset of solution trajectories to train

its policies and subgoal generator.

6.5.6 Search Loss Efficiency from Non-Solution Trees

One of the main contributions of our method for learning policies is that it

can use data from failed searches to train its low-level policy and subgoal gen-

erator. While the previous experiment evaluated the training efficiency that
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Figure 6.8: Reduction in search loss during training when using data from non-
solution trees. The line represents the average and the shaded region spans
the minimum and maximum outstanding problems across five seeds; it is a
descriptive range, not a confidence interval.

the combination of subgoal-guided policy and the training method provides,

this experiment aims to analyze the contribution of each. In Figure 6.8, we

show the search loss during training for PHS∗(πSG) in the BoulderDash en-

vironment when we limit it to only using solution trajectories to update the

models. On BoulderDash, these results show that learning πSG from solution

trajectories improves the reported training expansion efficiency of PHS∗. We

see another improvement when the system learns πSG from both successful and

failed searches.

6.5.7 Ablation: Impact of Codebook Size

The size of the codebook in the VQVAE determines the number of subgoals

parameterized by the model. In Figure 6.9, we show the search loss during

training for various codebook sizes on the CraftWorld environment. The cho-

sen codebook size of k = 4 incurs the smallest search loss, but we note that

there is a fair amount of overlap between the curves. Table 6.4 shows how

each of these models performs on the test set. While the solution length is

relatively the same, there is quite a large difference in the number of expan-

sions required to solve the problems. If too few subgoals are used, then the
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Figure 6.9: Learning curves during training using the Bootstrap process for
varying codebook sizes. The line is the average number of outstanding prob-
lems for the respective number of expansions accumulated during training. All
training runs lie within the shaded regions.

codebook becomes overburdened in trying to represent a single subgoal state.

Interestingly, if too many subgoals are used, we also see an increase in the

number of expansions required. One possible reason for this could be that

if a large number of codebook entries are not being used, then the resulting

mixture policy will look more like a uniform policy, which will increase the

number of node expansions required. One avenue for future work is to dynam-

ically remove unused codebook entries from being used in the final policy. We

note that this CraftWorld-only ablation is diagnostic and does not establish

that the same codebook-size behaviour generalizes to other domains.

Table 6.4: Results on CraftWorld test set using various codebook sizes. Ex-
pansions and solution length are averaged over solved problems.

Algorithm Solved Expansions Length

k = 1 100 263.92 92.52
k = 4 100 103.23 94.54
k = 16 100 305.17 94.16
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Figure 6.10: Learning curves during training using the Bootstrap process for
varying cluster graph levels from which subgoal states were sampled from. The
line is the average number of outstanding problems for the respective number
of expansions accumulated during training. All training runs lie within the
shaded regions.

6.5.8 Ablation: Impact of Cluster Graph Level when
Sampling Subgoals

From the base graph G0, the Louvain algorithm produces a hierarchy of clus-

ter graphs {G1, . . . , GN} where earlier graphs contain many smaller clusters

with later graphs merging them into fewer clusters. One decision to make

when sampling subgoals is which of these cluster graphs in the hierarchy to

choose from. Smaller abstraction levels will generally result in pairs of states

being sampled which are close in space/time, and larger abstraction levels will

generally result in pairs of states further apart, which is depicted in Table 6.5.

Figure 6.10 shows the search loss during training when sampling subgoals

from various cluster graph levels, and Table 6.6 shows the test results on the

CraftWorld environment. This CraftWorld-only ablation is diagnostic and

does not establish the same cluster-level tradeoff in other domains. From the

search loss during training and at test time, it appears that one must be careful

not to sample subgoals which are too close together from G1, as the subgoals

will not be as meaningful. Sampling subgoals from G5 which were far apart
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as compared to G3 did lead to a slight loss in performance, both in terms of

number of node expansions and solution length.

Table 6.5: Average trajectory length between subgoals for each cluster level
on the CraftWorld environment.

Cluster Graph Level Subgoal Distance

1 1.66
3 4.93
5 17.29

Table 6.6: Results on CraftWorld test set using models which were trained
using various cluster graph levels. Expansions and solution length are averaged
over solved problems.

Algorithm Solved Expansions Length

G1 100.00 287.24 93.88
G3 100.00 103.23 94.54
G5 100.00 110.10 95.05

6.6 Conclusion

In this chapter, we presented a novel way to combine subgoal discovery with

subgoal-guided policies, which can be used as a drop-in replacement for policies

used in existing policy tree search algorithms, such as LevinTS and PHS∗. The

neural network models in our method can be trained online without needing

an offline solution dataset. Moreover, they can be trained from both success-

ful and failed searches, which we showed to improve the training expansion

efficiency of tree search algorithms substantially. This is due to the fact that a

subgoal-conditioned policy can be trained using non-solution trajectories from

the search tree. In the domains evaluated, our experiments showed that the

large reduction in environment interactions does not reduce the quality of the

solutions found, while requiring fewer expansions at test time. As we increased

the problem’s difficulty, the gap between our subgoal-based approach and other

approaches increased—while our learned policies solved all test problems, pre-

vious approaches failed to learn effective ones. The following chapter considers
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a complementary form of structural search control that seeks to exploit state-

space structure through rerooting without explicit subgoal generation.
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Chapter 7

Structure-Induced Information for√
lts

This chapter is joint work with Michael Buro, Levi Lelis, and Laurent Orseau.

It was previously published at the Forty-third International Conference on Ma-

chine Learning [104]. This chapter introduces an automated way to learn re-

rooters for
√

lts. Readers are guided towards Section 3.4.3 for a complete

overview of
√

lts.

7.1 Introduction

Complex discrete planning problems remain difficult to solve at scale, driving

increasing interest in learning-guided search methods. Levin Tree Search (LTS)

[78], a tree search algorithm that uses a learned policy to guide the search, has

shown success in addressing these types of problems. A key property of LTS is

that it provides an upper bound on the number of search steps required before

finding a solution, which depends on the quality of the policy. This, in turn,

enables policies to be learned with the explicit objective of minimizing search

effort. Policy-Guided Heuristic Search (PHS∗) [79] extends LTS by combining

a learned policy with a learned heuristic function. Orseau and Lelis [79] provide

a similar bound for PHS∗, and also show that a policy can be learned while

minimizing this bound.

Although LTS and PHS∗ are theoretically well-founded, they rely primarily

on the learned policy and heuristic functions and, without additional struc-
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tural guidance, can struggle to solve complex problems. A common approach

when scaling to complex problem domains, inspired by how humans plan [13,

19, 24], is to decompose the problem into easier subtasks and subgoals. Sub-

goals help address this limitation by structuring the search and extending

its reach beyond what the initial policy can support. Building on this insight,

prior work has introduced subgoal-based policy tree search methods, including

HIPS-ε [58] and Subgoal-Guided Policy Heuristic Search (SGPS, Chapter 6)

[103], which generate intermediate target states and condition low-level poli-

cies on these generated subgoals to guide the search. By explicitly reasoning

over such subgoals, these approaches can improve early-stage exploration and

learning efficiency. However, they also introduce additional modelling com-

plexity and computational overhead, as search performance becomes tightly

coupled to the quality of subgoal reconstruction and the policies conditioned

on them. As we will show, this issue becomes increasingly pronounced as the

domain complexity increases. Chapter 6 addressed this challenge through ex-

plicit learned subgoals; this chapter considers the complementary approach of

exploiting structure through rerooting without generating subgoal states.
√

lts [77] (Section 3.4.3), read as “root-LTS”, is a policy tree search al-

gorithm that implicitly starts an LTS search at each node in the search tree.

The overall search effort is split between each of these searches, and the pro-

portion of time allocated to each is given through a rerooter. This mechanism

implicitly decomposes the search into subtasks, foregoing the complexity of

the subgoal modelling of HIPS-ε and SGPS that makes those methods costly

when scaling to complex domains. Orseau et al. [77] showed that the bound

on the number of node expansions before
√

lts finds a solution can be expo-

nentially better than that of LTS. In the
√

lts literature, the term “visit” is

often used for the event of selecting a node for expansion. In this thesis, “node

expansion” is the default term; for
√

lts, a search step and a node visit are

equivalent to a node expansion unless otherwise stated.

In this chapter, we revisit rerooting as a general mechanism for exploiting

structure in the underlying state space in policy tree search and study how

to derive rerooting weights in practice to guide search effectively. Within this
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framework, we present three instantiations. The first two capture comple-

mentary structural information: a global approach that induces structure via

state-space clusters identified using Leiden clustering [101], and a lightweight

local approach that derives structure from learned heuristic cost information.

We then show how an additive rerooter can take advantage of the strengths

each rerooter provides, and instantiate this as a hybrid rerooter of the previous

two. In contrast to the subgoal baseline methods, which depend on compu-

tationally expensive subgoal generation using high-capacity models [103], our

approach does not require learning or invoking separate subgoal networks.

Instead, we instantiate rerooters from structure already present in the search

tree, with the clustering rerooter running on demand during search. Empirical

results show that our rerooters substantially improve online training sample

efficiency over non-rerooting baselines. These results establish rerooting as

a scalable approach for exploiting structure in search, while avoiding explicit

subgoal generation of previous work.

Our contributions can be summarized as follows. We provide automated

methods for constructing rerooters from the structure of search trees alone

and show that even lightweight structural signals can achieve strong perfor-

mance. Finally, we provide a novel theoretical guarantee on the number of

node expansions until the first solution node is found by
√

lts using additive

rerooters, which highlights how
√

lts can take advantage of the synergies of

multiple rerooters. The experiments show that, on the domains and under

the training protocol studied, our method can scale to complex environments

during online training and achieve strong training efficiency relative to the

Bootstrap-based methods evaluated, whereas previous methods that rely on

subgoal reconstruction fall short.

7.2 Related Work

Subgoal Search Prior work has represented these through fixed-length sub-

tasks [22], multi-model approaches that represent different subtask lengths by

training a separate fixed-horizon model for each length [110], and perform-
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ing a high-level search in subgoal-space using a subgoal generator model for

varying-length subgoals [57]. While these approaches show promising results,

they all suffer from a lack of completeness, i.e., none are guaranteed to find

a solution even if one exists. HIPS-ε [58] added completeness guarantees by

augmenting the search space to include both subgoals and atomic actions.

Subgoal-Guided Policy Heuristic Search (SGPS, Chapter 6, [103]) generates

subgoals like HIPS-ε but performs search over atomic actions. The gener-

ated subgoals are used to condition low-level policies, which are mixed with a

high-level subgoal policy to produce a single policy usable by LTS or PHS∗. A

novelty of SGPS is that it can be trained online using the data from the search

tree, even when a budget for the search causes early termination without find-

ing a solution. Both HIPS-ε and SGPS are reliant on generated subgoals,

and the performance of the search becomes tightly coupled to the quality of

subgoal reconstruction and the policies conditioned on them. As shown in our

experiments, this becomes an issue when scaling to complex domains.

State-Space Structure for Search Control A complementary line of

work leverages structural regularities in the state space, often via partitions or

region abstractions, to guide how search allocates effort. Cartesian Coun-

terexample Guided Abstraction Refinement [17, 91] guides search in cost-

optimal planning through iteratively refining abstractions. Recent work im-

proves refinement strategies [95] and ways of combining multiple abstractions

for stronger heuristics [89]. In the options framework [98], methods exploit

connectivity and bottleneck structure to create temporally extended actions

that reduce planning complexity. This includes using entropy to discover skills

that capture key transition patterns in the state-space [111, 112], and state-

space clustering [1, 86]. In contrast, we exploit structure only to steer the

search effort through rerooting, without constructing abstractions for heuris-

tic computation or learning temporally extended actions.
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7.3 Preliminaries

We follow the same definition of a single-agent deterministic search problem

defined in Section 2.1. Readers are pointed towards Section 3.4.1 for the

background on LevinTS, and Section 3.4.3 for the background on
√

lts.

One notational convention is important for this chapter. In Section 3.4.3,

the main presentation of
√

lts uses the rooted Levin cost d
π
(nt ≺ n), since

this form makes the search-effort analysis easier to follow. The original
√

lts

formulation of Orseau et al. [77], and the algorithms in this chapter, instead

use the rooted slenderness cost introduced in Definitions 3.4.15 and 3.4.16.

Thus, unless stated otherwise,
√

lts in this chapter refers to the slenderness-

cost variant with

φ√
lts(n) =

⎧⎨⎩0, n = n1,

min
nt≺n

1

wt
crt (n), n ̸= n1,

(7.1)

where

crt (n) =

{︄
λ
π
(n | nt)− 1 if nt ≺ n,

∞ otherwise.
(7.2)

As in Section 3.4.3, components with zero rerooting weight or zero suffix prob-

ability are treated as having infinite cost. This changes only the rooted local

cost used inside the
√

lts priority rule; the rerooting weights and the interpre-

tation of
√

lts as sharing computation among local searches remain the same.

The d
π
-based bounds stated in Section 3.4.3 have analogous slenderness-cost

versions obtained by replacing d
π
(nt ≺ n) with crt (n), and this is the convention

used by the results in this chapter.

This chapter extends the slenderness-cost analogue of the
√

lts search

bound from Equation 3.28 when using additive rerooters. The Bootstrap al-

gorithm [7] is used throughout this chapter to learn a neural policy and/or

heuristic functions from search. See Section 2.3.3, and its pseudocode in Al-

gorithm 2.
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7.3.1 Problem Definition

Our objective formulation is the same as given in Chapter 6, Orseau and Lelis

[79], and Tuero et al. [103], which is to solve a set K of problem instances as

quickly as possible. We use the total search loss as our objective metric. The

search loss L(S, n) of algorithm S is the sum of losses ℓ(n′) incurred for each

node n′ expanded up to and including n. Here, n could either be a solution

node in Ng or the last node expanded before a given budget is exceeded. The

total search loss
∑︁

k∈K L(S, nk) is the sum of individual search losses algorithm

S incurs on problem k. We assume ℓ(n) = 1 everywhere, thus minimizing the

search loss corresponds to minimizing the total number of expansions.

7.4 Structure-Induced Rerooters

In this section, we describe how rerooting can be instantiated in practice to

exploit structural information during policy tree search. Orseau et al. [77] fo-

cused on analyzing the formal properties of
√

lts for a given rerooter, and left

open the question of how to define or learn the rerooter. We address this gap

by presenting two complementary rerooters that derive rerooting weights from

signals available during search: a clustering-based rerooter that captures global

structure in the state space, and a heuristic-based rerooter that leverages local

cost-to-go information. Together, these designs illustrate how rerooting can be

automatically induced or learned, as appropriate, without the complexities of

explicit subgoal reconstruction, and provide a practical foundation for scalable

rerooting in complex domains.

7.4.1 Global Structure–Induced Rerooting

Motivation

Progress in many planning problems is characterized by transitions between

distinct regions of the state space. When search reaches a new region, it is

often beneficial to concentrate effort there; when it keeps expanding within the

same region without making progress, effort should be redirected elsewhere in

the tree. Such transitions may correspond to events like entering a new room
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or acquiring a key that unlocks additional states. To capture this behaviour,

the global rerooter derives rerooting weights from coarse state-space structure

by clustering states based on connectivity. It then allocates effort across clus-

ters rather than individual nodes, reflecting global organization while relying

only on state observations and a Boolean goal test, without explicit subgoal

reconstruction during search.

Global Structure

A key part of our method is the Leiden clustering algorithm [101], which is

an improvement over the Louvain clustering algorithm [11], both in terms

of runtime complexity and cluster quality. The Leiden algorithm is an iter-

ative algorithm that creates a hierarchy of graphs (G1, . . . , GN) where Gi+1

is a clustering of graph Gi. In each iteration i, a hierarchical cluster graph

Gi+1 = (Vi+1, Ei+1) is created from Gi = (Vi, Ei), where Vi+1 is a partition of

Vi with each v ∈ Vi+1 being a part in the partition, and Ei+1 containing edges

(vi+1, v
′
i+1) for vi+1, v

′
i+1 ∈ Vi+1 if there is a u ∈ vi+1 and v ∈ v′i+1 such that

(u, v) ∈ Ei. The process continues until either there is no progress made (i.e.,

Gi+1 = Gi) or Gi+1 contains a single node.

Our first rerooter, which we denote
√

lts-L, uses the Leiden clustering

algorithm to find structures in the induced subgraph of the state space. During

the search, the induced subgraph of the underlying state space is constructed

iteratively whenever a tree node is generated. Each graph node represents

a unique environment state; a newly generated unseen state adds a graph

node and an edge from its parent state, while a generated transposition adds

only the corresponding graph edge. The search uses simple state-existence

pruning to avoid duplicate search representatives, but not the cost-sensitive

state-pruning results of Chapter 3, since rerooting weights can depend on

discovery time, clustering updates, and colouring history rather than on the

underlying state alone.

The Leiden algorithm creates cluster graphs at increasing levels of the hier-

archy by maximizing the modularity, a metric that quantifies the relation be-

tween the edge connectivity within a cluster and the connectivity between clus-

128



Global Structure Rerooter

n1

n2 n3

n4 n5 n6 n7

n8

ct = A ct = B

Mτ,A large Mτ,B small

wL
t =

1

Mτ,ct + δτ,ct
Prefer less-explored structural regions.

Set color counts:
1. Select graph Gk = (Vk, Ek) for a

given cluster level k ∈ [1, N ].
2. Color nodes v ∈ V0 using cluster

association from Vk:

ni

Mτ,ci = {
= 6, = 17, = 12,
= 8, = 14, = 15

}

wt =
1

Mτ,ct + δτ,ct

Figure 7.1:
√

lts-L Rerooter. Each node in the tree is assigned a colour
corresponding to the cluster it is associated with in the cluster graph at level k
of the hierarchy. The rerooting weight for the expanded node is then computed
using the colour count map.

ters. High modularity results in dense clusters with many connections within

each cluster, and sparse connections between clusters. Evans and Şimşek [28]

found that the Louvain algorithm using this modularity metric finds mean-

ingful structures in the state spaces they studied, such as two neighbouring

clusters corresponding to states of two adjacent rooms in a gridworld environ-

ment.

Rerooting Weight

The
√

lts-L rerooter is visually depicted in Figure 7.1. We invoke the Lei-

den algorithm on the incrementally induced subgraph G0 using the geometric

schedule r1 = 1 and rj+1 = ⌈γrj⌉, with hyperparameter γ > 1. From the

resulting hierarchy, we select a cluster graph Gk = (Vk, Ek) at hierarchy level

k (a hyperparameter), where each node U ∈ Vk corresponds to a set of nodes

in G0 (and thus to a set of search-tree nodes). We assign each tree node n a

colour c ∈ {1, . . . , |Vk|} indicating the node U that contains it; we refer to this

assignment as a colouring. Colours may change across invocations: a node n

can have colour i on the τ -th invocation, and colour j ̸= i on the (τ + 1)-th

invocation.
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Let τ denote the index of the most recent clustering invocation, whose

schedule step is rτ ≤ t. For the search steps between rτ and t, some nodes

may be expanded which do not have a colour, as they were generated after

the most recent clustering invocation. For these nodes, we approximate their

cluster membership by assigning their parent’s colour. Using a proxy value

to defer expensive computations has been used previously in heuristic search,

such as when computing the edge cost [69] or the heuristic value [48] is costly.

Let Mτ,c be the number of unique generated environment states with colour

c from the (τ)-th colouring, and

δτ,c = |{rτ < ℓ ≤ t : cℓ = c}| (7.3)

be the count of tree nodes expanded since the τ -th invocation that have colour

c. Then,
√

lts-L assigns the rerooting weight wt for the node nt expanded at

search step t as

wt =
1

Mτ,ct + δτ,ct
(7.4)

where ct is the colour associated with nt. The value ofMτ,ct+δτ,ct approximates

the size of the current cluster size. It is approximate because parent-colour

inheritance is used for nodes generated after the latest clustering update, and

because colours and cluster identities are recomputed rather than matched

across updates. Counts are reset at each clustering invocation, while weights

already assigned to expanded nodes remain fixed.

This gives us the desirable property that a low colour count results in a

larger weight wt and lower search cost. Similarly, a higher colour count results

in a smaller weight wt, and higher cost. As the search expands more nodes

with colour c, the count increases and thus subsequent nodes expanded from

the same cluster receive lower weights and higher costs. See Algorithm 12 for

its pseudocode.

Runtime Complexity

While the induced subgraph of the state space is built incrementally, Leiden

cluster graphs are recomputed on the most recent graph under a geometric up-

date schedule to limit runtime overhead. Although cluster assignments (and
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sizes) may change across updates, we keep the rerooting weights of previ-

ously expanded nodes as fixed: retroactively updating them would make the

search tree internally inconsistent, since an ancestor could induce different

costs for different descendants depending on when they were generated. Theo-

rem 7.4.1 shows that geometric clustering contributes an amortized near-linear

term under its stated implementation assumptions, while naïve evaluation of

ancestor-based priorities contributes O(DN) over N expansions at maximum

depth D. This is not a constant-factor overhead relative to conventional best-

first search. The original
√

lts implementation can often maintain ancestor

information more efficiently, but this worst-case analysis does not assume such

an optimization. Unlike prior subgoal-based approaches, it avoids queries to

compute-intensive models such as subgoal generators [103].

Theorem 7.4.1. Let N be the number of node expansions performed by
√

lts-L,

and let D be the maximum depth of any generated node after these expansions.

Assume that each expanded node generates at most b <∞ children, that suc-

cessor generation, policy lookup, colour lookup, and colour count updates take

O(1) time per generated node, and that the priority key of a generated node

can be computed from stored ancestor information in O(d(n)) time. Assume,

as an implementation-level runtime model consistent with the Leiden analysis

of Traag et al. [101], that a Leiden call on a graph G = (V,E) truncated to

a fixed hierarchy level k takes O(k|E|) time. If Leiden clustering is invoked

according to a geometric schedule with fixed factor γ > 1, then the runtime of
√

lts-L over N expansions is

O

(︃
bN log(bN) + bDN + kbN

γ

γ − 1

)︃
.

In particular, for fixed b, k, and γ, this is

O(N logN +DN).

If k grows with the graph hierarchy depth, the clustering term retains its explicit

factor k.
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The proof is given in Appendix F.1. The uniform branching-factor assump-

tion is standard in tree-search–based planning and control, where each state

has a bounded number of successor states determined by the action set.

7.4.2 Local Structure–Induced Rerooting

Motivation

Global structural cues are not always needed for effective rerooting: local infor-

mation at individual nodes can distinguish between otherwise similar regions

of the search tree. For example, if the root has two structurally identical sub-

trees, a rerooter based solely on structural expansion history would allocate

equal effort to both; yet if one subtree is estimated to be closer to the goal,

it should be prioritized. We therefore consider a local rerooter that leverages

heuristic cost-to-go estimates to assign weights reflecting the local geometry

of the search space.

Rerooting Weight

The rerooter, which we denote by
√

lts-H, uses the heuristic value of a node

as a goal-proximity signal to define its rerooting weight directly; it is not by

itself a certified measure of progress. The rerooting weight is given by

w1 = 1; wt = exp

(︃
−α h(nt)

H1

)︃
, H1 = max{1, h(n1)}, (7.5)

where α > 0 controls how strongly rerooting effort is concentrated on nodes

with low heuristic value, and h(nt) is the heuristic value corresponding to

node nt. The heuristic head uses a ReLU output transformation, so h(n) ≥ 0.

The root normalization H1 avoids a degenerate denominator when the root

heuristic is zero or small.

This choice is natural for several reasons. First, it is monotone in the

heuristic: if h(ni) < h(nj), then wi > wj. Thus, nodes estimated to be closer

to the goal receive a larger rerooting weight and therefore induce a lower re-

rooted search cost. Normalizing by H1 makes the rerooting weight depend on

heuristic values relative to the root scale. When h(n1) ≥ 1, this is exactly a

normalization by the root heuristic. This is useful when different environments,
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Local Heuristic Rerooter

n1

n2 n3

n4 n5 n6 n7

n8

h = 20

h = 14

h = 5

h = 2
goal

region

wH
t = exp

(
−α

h(nt)

H1

)
, H1 = max{1, h(n1)}

Prefer roots that appear closer to the goal.

Figure 7.2:
√

lts-H Rerooter. The heuristic value is used as a proxy for
progress being made. The rerooting weight for the expanded node is then
computed using a smoothed normalization where low heuristic values corre-
spond to high rerooting weights.

or different instances within the same environment, exhibit substantially dif-

ferent effective solution-length scales. Second, the exponential map is smooth

and strictly positive. Even nodes with relatively poor heuristic values retain

non-zero weight, which is desirable when the heuristic is imperfect and should

influence, rather than fully determine, the rerooting decision. Third, the pa-

rameter α acts as an inverse-temperature parameter. When α is small, the

weights are more similar across nodes, so the rerooter behaves conservatively.

As α increases, the weight mass becomes more concentrated on nodes whose

heuristic values are small relative to the root, causing rerooting to focus more

aggressively on regions estimated to be closer to a goal.

A useful consequence is approximate invariance to multiplicative rescaling

when the root-normalization floor is inactive before and after rescaling. The

exponential form also gives the rerooter a useful normalized interpretation.

For non-root candidate rerooting points, the weights are proportional to

exp

(︃
−α h(ni)

H1

)︃
.
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Therefore, after normalizing over any finite set I of non-root candidate

rerooting points,

wt∑︁
i∈I wi

=
exp(−αh(nt)/H1)∑︁
i∈I exp(−αh(ni)/H1)

.

Thus, after this explicit finite-set normalization, the weights have a soft-

max form over negative normalized heuristic values.
√

lts itself uses unnor-

malized cumulative rerooting weights over nodes discovered through time, so

this finite-set interpretation should not be confused with its search priority.

See Algorithm 13 for its pseudocode.

7.4.3 Hybrid Structure–Induced Rerooting

Motivation

While our global and local rerooters are each useful in isolation, they capture

complementary aspects of the search problem and exhibit distinct limitations.

The heuristic-based rerooter provides a lightweight goal-directed signal, but

normalizing by the root heuristic can be sensitive to inaccurate estimates: if

the root cost-to-go is underestimated, root normalization can make weights

concentrate too sharply and blunt guidance. By contrast, the clustering-based

rerooter relies on coarse connectivity and is agnostic to goal proximity, mak-

ing it insensitive to local progress. Consequently, it may spread effort across

regions that are structurally distinct but equally distant from the goal.

Rerooter Weight

The hybrid rerooter combines these signals by using global structure to set

a stable coarse allocation of effort, and heuristic estimates to refine priorities

within each region. This yields a coarse-to-fine rerooting rule that is less

sensitive to heuristic miscalibration while retaining goal-directed adaptivity

across domains. We denote this hybrid rerooter as
√

lts-LH, and use the

combined rerooting weights given by

w1 = 1; wt = ua
1

Mτ,ct + δτ,ct
+ ub exp

(︃
−α h(nt)

H1

)︃
(t > 1), (7.6)
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Hybrid Additive Rerooter
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Figure 7.3:
√

lts-LH Rerooter. The rerooting weight for the expanded node
is computed using a mixture of the

√
lts-L rerooter weight and the

√
lts-H

rerooter weight.

where ct is the colour associated with nt, Mτ,ct and δτ,ct follow the same def-

inition as in Equation 7.4, and ua and ub are mixing coefficients. Unless

stated otherwise,
√

lts uses ua = ub = 1. As before, we set w1 = 1 for the

root node. For the additive analysis, define wa,1 = wb,1 = (ua + ub)
−1, so that

uawa,1+ubwb,1 = 1 agrees with the explicit implementation convention w1 = 1.

See Algorithm 14 for its pseudocode.

Additive Rerooter Guarantees

The hybrid rerooter in Equation 7.6 is not only a pragmatic way to blend re-

rooters, it also has a principled effect on how
√

lts allocates effort across sub-

tasks. Intuitively, adding rerooters allows the search to fall back on whichever

signal is informative in a given region of the tree, provided the combination

remains balanced so that one component does not dominate the overall time

allocation.
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Figure 7.4: An example of how additive rerooters can take advantage of the
synergy of sub-rerooters. The grey regions represent nodes in the tree

√
lts

visits with each rerooter, skipping the nodes in the red region. On the left and
middle are two separate rerooters, each with a subtask decomposition repre-
senting two subtasks. On the right is the additive rerooter, which combines the
left and middle rerooter and has a subtask decomposition representing three
subtasks.

Before stating our theorem, we start with an example that demonstrates

how additive rerooters can take advantage not just of the best of the sub-

rerooters, but more importantly of the synergy of the sub-rerooters.

Example 7.4.2 (Two rerooters). Suppose d(n∗) = 30 in a perfect binary tree

with a uniform policy. Then the LTS bound tells us that LTS would take at

most (d(n∗)+1)230 node visits to find n∗, but the refined algorithm and bound

using cr1 actually takes at most cr1(n∗) = 1+2+4+ . . . 230 = 231−1 node visits

[77]. Let na ≺ n∗ such that d(na) = 10. Let nb ≺ n∗ such that d(nb) = 20.

Let us consider three rerooters wa, wb, wab.
√

lts with wa visits na at step

Ta,a and n∗ at step T ∗
a .
√

lts with wb visits nb at step Tb,b and n∗ at step T ∗
b .

√
lts with wab visits na at step Tab,a and nb at step Tab,b and n∗ at step T ∗

ab.

We set wa,1 = wb,1 = wa,Ta,a = wb,Tb,b , and 0 everywhere else. Furthermore,

define wab = wa + wb. These three rerooters along with the nodes they visit

are depicted in Figure 7.4.

The
√

lts subtask bound given in Equation 3.28 tells us that for
√

lts with

rerooter wa is competitive with the best subtask decomposition. Therefore,

it is also competitive with any subtask decomposition that is meaningful for

analysis. Let us compare it with the subtask decomposition n1 ≺ na = nTa,a ≺

n∗, which happens to be the best one, in this case. The node n∗ is visited at
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T ∗
a with

T ∗
a − 1 ≤ wa,<T ∗

a
max

{︃
cr1(n

a)

wa,1
,
crTa,a(n

∗)

wa,a

}︃
= 2max

{︃
211 − 2

1
,
221 − 2

1

}︃
= 222 − 4 .

This is already an improvement over the 231 node visits of LTS. Similarly,

for
√

lts with rerooter wb, considering the subtask decomposition n1 ≺ nb =

nTb,b ≺ n∗, the node n∗ is visited at step T ∗
b with

T ∗
b − 1 ≤ wb,<T ∗

b
max

{︄
cr1(n

b)

wb,1
,
crTb,b(n

∗)

wb,b

}︄

= 2max

{︃
221 − 2

1
,
211 − 2

1

}︃
= 222 − 4 .

But for
√

lts with rerooter wab = wa + wb, we can consider the subtask

decomposition n1 ≺ na ≺ nb ≺ n∗ since both na and nb now have non-zero

rerooting weights:

T ∗
ab − 1 ≤ wab,<Tab max

{︄
cr1(n

a)

wab,1
,
crTab,a(n

b)

wab,a
,
crTab,b(n

∗)

wab,b

}︄

= 4max

{︃
211 − 2

1
,
211 − 2

1
,
211 − 2

1

}︃
= 213 − 8

≈ 4
√︁
T ∗
a .

Hence, the hybrid rerooter wab benefits from the synergy of wa and wb to-

gether, by decomposing into 3 subtasks rather than two, yielding a factor-512

improvement in this illustrative upper-bound comparison.

We propose a more general result, stated for the slenderness-cost variant

of
√

lts, as a variant of the subtask decomposition bound of Theorem 3.4.18

that takes advantage of the synergy of balanced additive rerooters.

Theorem 7.4.3. Let wa and wb be two rerooters, with relative weights ua, ub >

0. Let w = uawa+ ubwb be the rerooter used by
√

lts. When visiting the node
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nT at step T , for any C ≥ 1 satisfying 1
C
≤ uawa,<T

ubwb,<T
≤ C, and provided the

component weights in the displayed ratios are positive, then the number of node

visits is bounded by

T ≤ 1 + (C + 1)× min
D∈D(nT )

max
i<|D|

min

{︃
wa,<T
wa,Ti

,
wb,<T
wb,Ti

}︃
crTi(nTi+1

). (7.7)

The degenerate case in which one coefficient is zero reduces to the correspond-

ing one-component rerooter and is not covered by this balanced-additive state-

ment.

The proof is in Appendix F.2. The coefficients ua and ub influence the con-

stant C ≥ 1, but do not determine it alone because the cumulative component

weights also depend on the resulting search trajectory.

7.5 Experiments

The goal of our experimental evaluation is twofold. First, we aim to establish

rerooting as a flexible and scalable abstraction for exploiting structural infor-

mation in policy tree search, avoiding explicit subgoal generation and reasoning

while retaining much of their benefit through simple structural signals. Second,

we evaluate the practical impact of rerooting on learning efficiency by measur-

ing improvements in online training sample efficiency relative to non-rerooted

baselines across a range of domains.

7.5.1 Baselines

We compare our methods against LTS [78], as at the time of this writing, there

are no comprehensive empirical evaluations of
√

lts variants against LTS.

We also compare against LevinTS(πSG)and PHS∗(πSG)(Chapter 6, [103]), two

SGPS instantiations that can be trained online and use the same clustering

method as
√

lts-L. SGPS is a key baseline because it (i) shares the same

clustering component, (ii) generates discrete subgoals via a VQ-VAE [105]

whereas our approach uses soft subtasks without explicit subgoal generation,

and (iii) achieved state-of-the-art results on the domains we consider. Finally,

we include Weighted A* (WA∗) [83], a non-policy method that can be trained
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online via the bootstrap process. We use a weight of 1.5 for WA∗, which

performs well in similar settings [79, 103]. We omit HIPS-ε because it requires

a solution dataset which is unavailable for the complex environment studied,

and prior work found LevinTS(πSG) and PHS∗(πSG) outperformed it [103].

7.5.2 Environment Domains

Below are the environments tested throughout these experiments. For addi-

tional details about each environment, see Appendix B.

BoulderDash The agent collects a number of diamonds to unlock the exit.

Some diamonds are locked in rooms that require a key. The environment

contains dirt cells, which disappear when the agent walks over them, resulting

in complex state observations and a large search space. Tuero et al. [103]

provided a standard problem set and a hard problem set, and we use the more

challenging hard problems in our analysis.

CraftWorld The agent collects raw materials and interacts with workbenches

and furnaces to craft intermediary items, which can further be crafted into fi-

nal products [5]. The environment can be in a deadlocked state by crafting

an incorrect item, since items are consumed once used in a recipe. Similar to

BoulderDash, we use the hard problems from Tuero et al. [103].

Sokoban The agent must push boxes into designated goal locations, avoiding

deadlocks due to boxes getting stuck along walls. Sokoban is PSPACE-hard

[21], and we use the first 50,000 training problems and 1,000 test problems

from Boxoban [41].

Traveling Salesman Problem (TSP) A gridworld version of the TSP

where the agent must visit specified city locations, then return to the starting

location. To increase the difficulty of this domain, we use a modified version

in which the agent deadlocks if it revisits a city other than the start city. This
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prevents trivial solutions such as blindly visiting each city without planning

the steps in between cities.

7.5.3 Training and Testing Procedure

All methods use Bootstrap training [7]. We randomly initialize neural net-

works for the policy and/or heuristic, then run each search algorithm on a

subset of training problems with an initial expansion budget using the cur-

rent policy/heuristic. Algorithms update their policy/heuristic from solution

trajectories on solved problems. If an algorithm solves no new problems in a

sweep over the training set, we increase the expansion budget and repeat the

sweep (see Section 2.3.3 for the update schedule used). After each sweep, we

evaluate on a separate validation set under the current budget; training ends

once at least 95% of validation problems are solved. To handle methods which

struggle to make progress, we impose a maximum aggregate computation-

time budget of 1,000,000 seconds (approximately 11.5 CPU-days), stopping

once this limit is reached. Reported training time is aggregate computation

time: the sum of time each algorithm uses on each problem, over all threads

used during training. Additional details are in Appendix F.3.

Each domain uses 10,000 training problems and 1,000 validation problems,

except Sokoban (49,000 training and 1,000 validation). We repeat training

with five seeds, which determine network initialization and the train/validation

splits. For training-efficiency plots, we report the min/mean/max number of

outstanding problems versus expansions and aggregate computation time. For

final evaluation, we test on a held-out test set with a budget of 512,000 node

expansions and report (averaged over seeds) problems solved, expansions-to-

solution, solution length, and test time. Solved count is the primary test

outcome. Expansions-to-solution and solution length are averages over solved

instances; when methods solve different numbers of instances, these values

describe conditional performance rather than an overall efficiency ranking.
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Figure 7.5: Average online training loss with respect to expansions (top) and
aggregate computation time (bottom), on a log scale. Shaded regions show the
minimum and maximum. Aggregate computation time measures the sum of
the time an algorithm spends on each problem across all threads used during
training.

7.5.4 Training Efficiency Results

Across the reported domains (Figure 7.5), the hybrid rerooter improves aggre-

gate training efficiency relative to LTS and the evaluated subgoal-generation

approaches; comparisons among the
√

lts rerooter variants are discussed sep-

arately below. The results highlight the value of combining the rerooters:

In BoulderDash,
√

lts-H is effective and
√

lts-LH matches its performance.

The remaining domains, Sokoban, CraftWorld, and TSP, all contain dead-

lock structure, where purely heuristic guidance can be less stable. In these

domains,
√

lts-H remains competitive but exhibits greater variability, sug-

gesting that the learned heuristic can sometimes overcommit search effort to

misleading regions of the tree during bootstrap training. This effect is most

pronounced in CraftWorld and TSP; in these environments, WA* also requires

substantially more time to complete training. By contrast,
√

lts-LH is both

the strongest and most stable method in these domains, indicating that the

hybrid rerooter benefits from the heuristic signal when it is useful while re-

taining the structural robustness of the clustering rerooter
√

lts-L when the
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heuristic is unreliable.
√

lts-L substantially outperforms LevinTS(πSG) de-

spite both using the same clustering technique and neither using heuristics.

The cost-to-go rerooter
√

lts-H outperforms WA∗ in every domain. Run-

time measurements further support Theorem 7.4.1: the rerooters have low

practical overhead relative to methods requiring subgoal generation, although

test-time performance varies by domain. Together, these results are consistent

with gains from how structural information is exploited rather than clustering

alone, within the evaluated systems and domains.

7.5.5 Test Results

To assess whether the training speedup degrades solution quality, we evalu-

ate the trained models on held-out test problems (100 per domain; 1,000 for

Sokoban; Table 7.1). Methods that failed to complete training perform sub-

stantially worse, since their policies and heuristics remain largely uninformed.

Despite faster training, our rerooting methods solve all test problems in the

evaluated domains, indicating that the training-efficiency gains do not come

at the expense of test coverage. Moreover,
√

lts-LH has a lower conditional

mean expansion count than the clustering-only rerooter
√

lts-L on every test

domain, where both methods solve all test problems; this suggests that combin-

ing global structure with local heuristic information improves generalization.

In TSP and Sokoban, where the compared methods solve all test problems,

our rerooting methods have higher conditional mean expansion counts than

PHS∗(πSG) in both and WA∗ in Sokoban. We suspect this reflects weaker

state-space clustering structure in these environments, and in Section 7.5.9 we

perform an analysis to verify this conjecture.

7.5.6 Environment Domain Complexity Scaling

To test whether subgoal-based policy tree search methods like PHS∗(πSG) scale

poorly as problem complexity increases, we run a training-efficiency experi-

ment on BoulderDash while varying the fraction of dirt tiles which are task-

irrelevant elements that substantially enlarge the state-space.
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Table 7.1: Test results averaged over all seeds. Solved count is the primary
outcome; expansions and solution lengths are conditional means over solved
test instances and are not overall efficiency comparisons when solved counts
differ. Time is measured during testing, in seconds.

Algorithm Solved Expansions Length Time

BoulderDash

WA∗ 100 480.52 68.56 0.73
LTS 10 195,451.08 68.92 119.86
LevinTS(πSG) 100 202.38 83.09 1.53
PHS∗(πSG) 100 359.86 86.61 2.70
√

lts-L 100 131.18 71.63 0.61√
lts-H 100 92.37 69.47 0.60√
lts-LH 100 92.68 69.55 0.58

CraftWorld

WA∗ 100 1,888.35 122.16 3.62
LTS 100 306,224.22 142.37 373.44
LevinTS(πSG) 100 345,096.42 170.99 869.89
PHS∗(πSG) 100 1,413.00 126.01 8.67
√

lts-L 100 8,802.62 183.74 44.15√
lts-H 100 2,514.62 125.11 6.84√
lts-LH 100 1,347.52 134.44 4.59

Sokoban

WA∗ 1,000 1,201.03 32.91 0.51
LTS 1,000 1,914.06 36.36 0.76
LevinTS(πSG) 1,000 2,010.88 35.82 1.98
PHS∗(πSG) 1,000 1,630.60 34.66 1.56
√

lts-L 1,000 2,579.13 39.49 1.53√
lts-H 1,000 2,626.82 34.76 1.60√
lts-LH 1,000 1,736.03 36.37 1.10

TSP (GridWorld)

WA∗ 100 180,381.42 35.40 62.75
LTS 100 216.61 39.43 0.33
LevinTS(πSG) 100 76.99 36.40 0.69
PHS∗(πSG) 100 46.31 36.39 0.49
√

lts-L 100 84.35 36.69 0.42√
lts-H 100 55.44 35.92 0.37√
lts-LH 100 56.12 36.16 0.38
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Table 7.2: Training results averaged over increasing complexity BoulderDash
environments. NPS stands for nodes per second, and time is measured in
hours.

Algorithm Expansions Time Solved NPS

BoulderDash (10%)

PHS∗(πSG) 30,686,786 10.63 10,000 802.1√
lts-L 28,455,464 8.36 9,998 946.0√
lts-H 17,692,073 5.00 9,999 981.9√
lts-LH 18,654,789 5.36 10,000 967.4

BoulderDash (20%)

PHS∗(πSG) 299,672,516 137.12 10,000 607.1√
lts-L 65,307,017 20.38 9,997 889.9√
lts-H 19,866,165 5.99 9,997 921.4√
lts-LH 25,971,412 7.70 9,992 936.6

BoulderDash (30%)

PHS∗(πSG) 429,407,720 278.23 11 428.7√
lts-L 225,438,691 72.51 9,964 863.7√
lts-H 27,965,657 8.37 9,996 928.4√
lts-LH 57,780,467 16.50 10,000 972.5

BoulderDash (40%)

PHS∗(πSG) — — — —√
lts-L 458,508,999 153.23 9,903 831.2√
lts-H 38,524,592 11.94 9,994 896.6√
lts-LH 75,672,897 22.49 9,995 934.8

BoulderDash (50%)

PHS∗(πSG) — — — —√
lts-L 895,423,066 317.41 605 783.6√
lts-H 72,358,349 22.86 9,995 879.1√
lts-LH 97,117,682 30.13 9,990 895.2

As complexity increases, PHS∗(πSG) times out and makes no progress once

levels contain 30% or more dirt elements (Table 7.2). One possible contributing

factor is its reliance on reconstructing grounded future states as subgoals:

additional dirt may shift the reconstruction objective toward visually dense but

task-irrelevant structure, diverting capacity from critical elements such as keys

or diamonds. Although LevinTS(πSG) and PHS∗(πSG) are more robust than

earlier subgoal-based methods like HIPS-ε to invalid subgoal predictions [103],

their low-level policies are still conditioned on generated subgoals, making

learning increasingly brittle as state complexity grows.

144



In contrast,
√

lts-L scales better by avoiding explicit subgoal reconstruc-

tion, though it eventually reaches a complexity threshold where training does

not complete.
√

lts-H and
√

lts-LH remain robust across all tested levels,

completing training even in the hardest settings with comparable performance.

For an analysis of why
√

lts-L does not scale as well as
√

lts-H and
√

lts-LH,

see Section 7.5.9 for ablations on how the percentage of dirt elements affects the

quality of the clusters found. Under this complexity manipulation and train-

ing protocol, implicitly representing subtasks via rerooting scales substantially

better than conditioning policies on explicitly generated subgoals.

7.5.7 Balanced Rerooters Analysis

The constant C ≥ 1 in Theorem 7.4.3 signals that the bound is related to how

balanced the two sub-rerooter components are. Some natural questions to ask

are how balanced the two sub-rerooters are in
√

lts-LH, and how sensitive

are the observed node expansions to the factor C in Theorem 7.4.3.

To answer these questions, we ran an additional sensitivity study in Sokoban,

fixing ub = 1 and varying ua, which are the weighting applied to each sub-

rerooter component. These results are summarized in Table 7.3. Performance

varies only modestly across a broad range of ratios, suggesting that the hy-

brid rerooter is not highly sensitive to exact tuning in this study. The best

observed results occur when the two signals are roughly balanced, i.e., when

wa,<T/wb,<T ≈ 1. In practice, ua = ub = 1 is a good default. One can then

inspect the observed ratio wa,<T/wb,<T and rescale if needed, but fine-tuning

is not critical.

Table 7.3: Sensitivity analysis of unbalanced rerooters.
√

lts-LH is trained
and tested on the Sokoban environment, with varying ratios of ua to ub. Time
is measured in seconds.

(ua, ub) Expansions Solution Length Time (s) wa,<T /wb,<T

(1.00, 1.00) 1,736.03 36.37 1.10 2.03
(0.75, 1.00) 1,477.30 36.14 0.90 1.31
(0.60, 1.00) 1,400.88 36.05 0.84 0.99
(0.50, 1.00) 1,523.21 36.00 0.92 0.81
(0.25, 1.00) 1,509.74 35.89 0.90 0.44
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Table 7.4: Sensitivity analysis of heuristic inverse-temperature parameter.√
lts-LH is tested on the Sokoban environment, with varying values of α.

Time is measured in seconds.

α Expansions Length Time (s)

1 2,949.79 37.45 2.36
5 1,959.70 36.20 1.25
10 1,400.88 36.05 0.84
20 1,699.64 36.47 1.13

7.5.8 Analysis of Heuristic Rerooter Temperature

The parameter α in
√

lts-H and
√

lts-LH acts as an inverse-temperature

parameter. When α is small, the weights are more similar across nodes, so

the rerooter behaves conservatively. As α increases, the weight mass becomes

more concentrated on nodes whose heuristic values are small relative to the

root, causing rerooting to focus more aggressively on regions estimated to be

closer to a goal.

Table 7.4 shows the result of varying the α inverse-temperature parameter

on the Sokoban environment for the
√

lts-LH algorithm. The same trained

policy and heuristic networks were used for all test runs, with (ua, ub) = (1, 1),

as used throughout the headline experiments. The value α = 10 was fixed a

priori for the headline experiments; this table is a post hoc sensitivity analysis

and does not select the value. As α decreases towards 1, the number of ex-

pansions increases due to the rerooting weight contribution from the heuristic

rerooter being similar across all nodes. Larger values of α allow the search

to focus on areas of the tree where progress is being made towards the goal.

However, if α becomes too large, then the search can overcommit to what

seems like progress being made but what could be a deadlocked subtree.

7.5.9 Analysis of Clustering-based Rerooters

From the results in Table 7.1 and Table 7.2,
√

lts-L can perform quite a bit

worse than
√

lts-H and
√

lts-LH. The usefulness of the information pro-

vided by the clusters found which
√

lts-L relies on depends on the underlying
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Table 7.5: Average number of edges crossing different clusters. This is a de-
scriptive within-setting count; because it is not normalized by graph or cluster
size, it is not a cross-domain structure metric.

Environment Avg Edge Crossing per Cluster

BoulderDash (10%) 7.6219
BoulderDash (20%) 8.8399
BoulderDash (30%) 11.0756
BoulderDash (40%) 13.6613
BoulderDash (50%) 16.6101
CraftWorld 9.7805
Sokoban 16.6344
TSP (GridWorld) 35.2884

structure of the state-space. The clustering rerooter is most effective when

the induced state graph has well-separated regions connected by narrow bot-

tlenecks, because entering a new cluster then signals genuine progress. When

comparing against PHS∗(πSG) in Table 7.1,
√

lts-L performs relatively worse

in the Sokoban and TSP GridWorld environments. Since
√

lts-L reached the

time limit during training on the CraftWorld environment and did not fully

complete the bootstrap process, we omit it from this analysis. In Table 7.2, as

the complexity of the BoulderDash environments increases,
√

lts-L continues

to degrade relative to the other rerooters.

To provide a descriptive view of the induced graphs, we measured the aver-

age number of edges crossing each cluster boundary, averaged over problems.

Because this count is not normalized by graph or cluster size, comparisons

are qualitative and must be interpreted alongside the corresponding problem

settings. These results are given in Table 7.5. Under this metric, BoulderDash

exhibits a clear progression as the domain becomes less structured, CraftWorld

remains relatively low, whereas Sokoban and TSP are substantially higher. In

Sokoban, this helps explain why the clustering rerooter is less effective than

the strongest baselines, and in TSP, the very large value is consistent with

the strongest degradation, where the clustering rerooter requires nearly twice

as many expansions as the heuristic/hybrid rerooters (despite both test-time

results being overall low). Overall, these results are consistent with clustering-

based rerooting benefiting from sharp, bottleneck-like state-space structure,
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while this unnormalized count provides only a descriptive diagnostic rather

than a definitive cross-domain characterization.

7.5.10 Ablation: Impact of Clustering Level

The Leiden clustering algorithm takes a base graph G0 and produces a hier-

archy of cluster graphs {G1, . . . , GN}. The selected graph at level k ∈ [1, N ]

influences what structures are used when colouring nodes, which the rerooters
√

lts-L and
√

lts-LH use to compute their rerooting weights.

Table 7.6 shows the bootstrap training loss for
√

lts-L over the Boul-

derDash 20% dirt environment of varying cluster levels. At each clustering

invocation, N denotes the hierarchy depth returned by Leiden and k = ⌊N/2⌋

selects the lower integer midpoint level. A cluster level of k = ⌊N/2⌋ completes

training in the fewest number of expansions and time, but using k = N is also

competitive. We note that this will be dependent on the implementation of the

Leiden algorithm being used as different approximations and optimizations can

be used. See Appendix F.3 for details and the specific implementation used.

Table 7.6: Training results of
√

lts-L over the BoulderDash 20% environments
of varying cluster levels.

Cluster Level (k) Expansions Time (Hours)

1 166,690,697 42.86
N/2 65,307,017 20.38
N 77,504,769 21.44

7.5.11 Ablation: Impact of Graph Update Frequency

The cluster graphs from the Leiden algorithm are built using an update sched-

ule which follows a geometric growth strategy with factor γ. How frequently

the graphs are updated will have two major consequences. One is the overall

speed of the algorithm, where using a smaller γ will result in more graphs be-

ing built under a fixed budget. Creating cluster graphs more frequently means

that more time is spent in the leiden procedure than actually running the
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Table 7.7: Test results of
√

lts-L on the Sokoban environment of varying
cluster graph update factors. NPS stands for nodes per second, and time is
measured in seconds.

Cluster Update Frequency (γ) Expansions Time NPS

1.05 2,932.19 2.01 7.57
1.10 2,664.08 1.36 8.00
1.20 2,715.87 1.42 8.47
1.50 2,835.79 1.49 8.71
2.00 3,187.88 1.71 8.67
4.00 3,357.53 2.12 9.24

search, resulting in a lower number of nodes-per-second which can be achieved.

The second is that using a larger γ means that there will be more expansions

between graph updates, with a larger percentage of those nodes being gener-

ated after the most recent cluster graph. If a node is expanded which does

not have a colour assigned to it (as is the case when an expanded node was

generated after the most recent graph clustering), then an approximation is

used where we assume that node gets the same colour as its parent. A larger γ

means that a larger percentage of the nodes will have an approximated colour.

Table 7.7 shows the test results of using the same trained policy on the

Sokoban environment, but with varying values of γ. In general, as γ increases,

the achieved number of nodes per second increases. We also see that as γ

decreases, the number of expansions decreases, as expected, because the re-

rooter can make greater use of the underlying state-space structure to assign

informative weights rather than relying on approximations.

7.6 Conclusions

In this chapter, we examined rerooting as a general mechanism for exploiting

structure in policy tree search and demonstrated its effectiveness across a range

of instantiations. We introduced two complementary rerooters, and showed

how they can be combined to take advantage of the benefits each provides while

offsetting each of their downsides. Our rerooters achieve strong online-training

efficiency relative to the bootstrap-based methods evaluated, while foregoing

the need to rely on costly subgoal-generation models and state reconstruction.
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Our results show that rerooting enables scalable and efficient search control by

implicitly representing subtasks through weighted root selection rather than

explicit subgoal reconstruction.

Perhaps surprisingly, a simple heuristic-based rerooter often outperforms a

clustering-based alternative despite relying on substantially less structural in-

formation, highlighting that lightweight local signals can be sufficient to guide

effective rerooting. It also indicates that the chosen clustering statistic can be

weak, insufficiently informative, or too costly on some domains. At the same

time, the heuristic rerooter is not without limitations: under certain condi-

tions, normalization effects can cause rerooting weights to collapse, leading to

degraded performance. The hybrid rerooter addresses this tradeoff by com-

bining global structural guidance with local heuristic information, achieving

performance close to the heuristic-based approach while being robust across

domains.

Together, these findings position rerooting as a flexible and practical ab-

straction, and suggest that combining complementary structural signals offers

a reliable path toward scalable policy tree search. We have demonstrated that
√

lts with a simple transformation of the classical heuristic cost-to-go can be

very efficient. We have also successfully combined two rerooters. This opens

the door to incorporating different types of side information to define more

capable rerooters.
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Algorithm 12
√

lts-L
1: Input: Root node n1, budget b > 0, policy πθ, graph update factor γ > 1,

cluster level k
2: Output: Solution node, or status of failed search
3: Q1 ← {n1}
4: V0 ← {n1}, E0 ← {}
5: t← 1, τ ← 0, r1 ← 1
6: while Qt ̸= {} and t ≤ b do

7: nt = arg min
n∈Qt

min
ni≺n

1

wi

(︄ ∑︁
ni≺n′⪯n

1

πθ(n′|ni)

)︄
▷ root priority is 0

8: if is_solution(nt) then
9: return nt

10: ▷ Find node’s colour ◁
11: if is_root(nt) then
12: wt ← 1
13: else
14: if has_colour(nt) then
15: ct ← colour(nt)
16: else
17: ct ← colour(par(nt))
18: δτ,ct = |{ℓ : rτ < ℓ ≤ t, cℓ = ct}|
19: wt ← 1/ (Mτ,ct + δτ,ct)
20: ▷ Incrementally update tree and induced graph ◁
21: Qt+1 ← Qt\{nt} ∪ C(nt)
22: V0 ← V0 ∪ C(nt)
23: E0 ← E0 ∪ {(nt, n′) : n′ ∈ C(nt)}
24: ▷ Clustering is expensive, we amortize the cost over the search steps

using an exponential schedule ◁
25: if t = rτ+1 then
26: {G1, . . . , GN} ← leiden(G0 = (V0, E0)) ▷ Cluster Step
27: ▷ Update node colours and colour count map ◁
28: (Vk, Ek)← Gk

29: for i, U in enumerate(Vk) do
30: for v in U do
31: colour(v)← i
32: τ ← τ + 1
33: Mτ,c ← |{v ∈ V0 : colour(v) = c}| for all c ∈ {1, . . . , |Vk|}
34: rτ+1 ← ⌈γrτ⌉
35: t← t+ 1
36: return False
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Algorithm 13
√

lts-H
1: Input: Root node n1, budget b > 0, policy πθ, nonnegative heuristic hω,

inverse-temperature α > 0
2: Output: Solution node, or status of failed search
3: t← 1
4: H1 ← max{1, hω(n1)}
5: Qt ← {n1}
6: while Qt ̸= {} and t ≤ b do

7: nt = arg min
n∈Qt

min
ni≺n

1

wi

(︄ ∑︁
ni≺n′⪯n

1

πθ(n′|ni)

)︄
▷ root priority is 0

8: if is_solution(nt) then
9: return nt

10: if is_root(nt) then
11: wt ← 1
12: else
13: wt ← exp

(︂
−αhω(nt)

H1

)︂
14: Qt+1 ← Qt\{nt} ∪ C(nt)
15: t← t+ 1
16: return False
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Algorithm 14
√

lts-LH
1: Input: Root node n1, budget b > 0, policy πθ, nonnegative heuristic hω,

graph update factor γ > 1, cluster level k, inverse-temperature α > 0,
mixing coefficients ua, ub ≥ 0

2: Output: Solution node, or status of failed search
3: Q1 ← {n1}
4: V0 ← {n1}, E0 ← {}
5: t← 1, τ ← 0, r1 ← 1, H1 ← max{1, hω(n1)}
6: while Qt ̸= {} and t ≤ b do

7: nt = arg min
n∈Qt

min
ni≺n

1

wi

(︄ ∑︁
ni≺n′⪯n

1

πθ(n′|ni)

)︄
▷ root priority is 0

8: if is_solution(nt) then
9: return nt

10: ▷ Find node’s colour ◁
11: if is_root(nt) then
12: wt ← 1
13: else
14: if has_colour(nt) then
15: ct ← colour(nt)
16: else
17: ct ← colour(par(nt))
18: δτ,ct = |{ℓ : rτ < ℓ ≤ t, cℓ = ct}|
19: wt ← ua (Mτ,ct + δτ,ct)

−1 + ub exp
(︂
−αhω(nt)

H1

)︂
20: ▷ Incrementally update tree and induced graph ◁
21: Qt+1 ← Qt\{nt} ∪ C(nt)
22: V0 ← V0 ∪ C(nt)
23: E0 ← E0 ∪ {(nt, n′) : n′ ∈ C(nt)}
24: ▷ Clustering is expensive, we amortize the cost over the search steps

using an exponential schedule ◁
25: if t = rτ+1 then
26: {G1, . . . , GN} ← leiden(G0 = (V0, E0)) ▷ Cluster Step
27: ▷ Update node colours and colour count map ◁
28: (Vk, Ek)← Gk

29: for i, U in enumerate(Vk) do
30: for v in U do
31: colour(v)← i
32: τ ← τ + 1
33: Mτ,c ← |{v ∈ V0 : colour(v) = c}| for all c ∈ {1, . . . , |Vk|}
34: rτ+1 ← ⌈γrτ⌉
35: t← t+ 1
36: return False
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Chapter 8

Conclusions and Future Work

The previous chapters developed and evaluated several learning-based ap-

proaches to search control in policy tree search. This final chapter brings

those contributions together, reflects on their broader significance, and out-

lines promising directions for future work.

8.1 Contributions

This thesis studied how search effort should be allocated and redirected in pol-

icy tree search for challenging single-agent deterministic first-solution domains

with sparse intermediate feedback. Its central claim has been that a key chal-

lenge in this setting is not only learning useful guidance, but making effective

decisions about computation: deciding where additional search effort is most

likely to improve time-to-solution. Throughout this thesis, search control was

treated not as a fixed set of hand-designed rules, but as an adaptive capabil-

ity that can be learned and improved by exploiting structure in the problems

being solved.

The first contribution of this thesis was to show that instance-sensitive dis-

tributional prediction can improve restart-based policy tree search. Chapter 4

introduced Bayes DistNet, a Bayesian neural model for runtime-distribution

prediction evaluated in low-data and censored-observation comparisons. Chap-

ter 5 then showed how these predictions can be used to guide Luby Tree Search

by replacing a fixed global shift with an instance-specific one. This produced a

more adaptive restart strategy that reduced wasted effort on shallow rollouts
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and showed more favourable behaviour than the naïve uniform-shift baseline

under the artificial censoring protocol. In this way, the thesis demonstrated

that predictive models of search behaviour can be used directly to improve

decisions about how long search should continue before restarting.

The second contribution was to show that policy tree search can benefit

from learned intermediate structure in the form of subgoals. Chapter 6 in-

troduced subgoal-guided extensions of LevinTS and PHS∗ in which a learned

subgoal generator and subgoal-conditioned policies induce a hierarchical de-

composition of the task. A key feature of this approach is that it can learn not

only from successful searches, but also from failed budget-bounded searches

that would otherwise be discarded. This improved reported training expan-

sion efficiency and allowed useful policies to be learned in domains where

standard Bootstrap training is substantially less effective. More broadly, this

contribution showed that explicit intermediate structure can decompose long

trajectories into shorter conditioned segments and improve reported training

efficiency in the evaluated sparse-feedback domains.

The third contribution was to show that some of the same benefits can

be obtained without explicit subgoal generation. Chapter 7 introduced auto-

mated rerooters for
√

lts using structural information derived from the state

space. These rerooters use global clustering signals, local heuristic informa-

tion, and their combination to redirect computation toward promising parts

of the search. This provides an alternative to explicit subgoal reasoning while

still exploiting structure to improve search control; its overhead is lower than

subgoal generation in the reported systems, but clustering and ancestor-based

rerooting still incur computational cost. In addition to the empirical improve-

ments in training efficiency and scalability, this chapter also strengthened the

theoretical foundations of rerooting by providing a bound for additive reroot-

ers.

Taken together, these contributions support the thesis that effective pol-

icy tree search in the setting studied here depends on learning how to con-

trol computation. Across the methods developed here, the recurring theme

is that better search performance arises from adapting effort to the instance,
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using informative intermediate structure, and redirecting computation when

the search enters more promising regions of the tree. On the evaluated deter-

ministic benchmark domains, the results show that instance-sensitive restart

control, explicit subgoal conditioning, and structure-induced rerooting can im-

prove particular measures of training or search efficiency. The extent to which

these gains transfer beyond this setting remains open. More broadly, the work

of this thesis suggests that progress in this class of policy tree search problems

can come not only from learning better guidance, but from learning how to

spend computation wisely.

8.2 Synthesis and Limitations

The methods in this thesis address different failure modes of policy tree search

and make different information and computation tradeoffs. They should there-

fore not be treated as interchangeable.

Distribution-guided restart. This mechanism uses the initial state obser-

vation and successful-rollout data to estimate an instance-specific shift. It is

most useful when successful rollout depths vary across instances and the con-

ditional trajectory-length model is informative. Its online overhead is low after

prediction, but the conditional model or selected shift can be misspecified.

Explicit subgoals. This mechanism uses a VQVAE, graph paths, and subgoal-

conditioned policies to learn from failed search trees and decompose trajecto-

ries into conditioned segments. It can improve training expansion efficiency,

but requires additional models, reconstruction, and path data; its main risks

are reconstruction, path, and model-capacity failures.

Heuristic rerooting. This mechanism uses a learned cost-to-go estimate

as a lightweight local goal-proximity signal. It has low online overhead and

can redirect effort toward promising regions, but is vulnerable to heuristic

miscalibration and excessive weight concentration.
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Clustering rerooting. This mechanism uses the induced state graph and

online clustering to exploit global structural separation. It can be effective

when the graph contains meaningful bottleneck-like regions, but has medium-

to-high overhead from graph updates and ancestor-priority evaluation, and is

less useful when clusters are weak or uninformative.

These are empirical conditions from the evaluated domains, not univer-

sal selection rules. This thesis is limited to deterministic, single-agent first-

solution search and does not provide solution-optimality guarantees. Its formal

results require positive policy support for a solution path and the algorithm-

specific search assumptions. The learned models may be misspecified or sensi-

tive to distribution shift, and the empirical studies concentrate on structured

benchmark domains. The experiments also do not fully separate model capac-

ity from search-control effects, nor do they provide guarantees for dynamic,

history-dependent rerooters with stronger duplicate pruning. Training, clus-

tering, and model-inference overhead remain important considerations in ap-

plying these methods. Within these bounds, the results provide a basis for

treating search control as an explicit, empirically testable design dimension of

policy tree search.

8.3 Future Work

One natural direction for future work is to unify the search-control mecha-

nisms developed in this thesis within a single adaptive framework. In this

thesis, restart control, learned subgoal guidance, and rerooting were studied

separately. However, these mechanisms address related aspects of the same

underlying problem: deciding how computation should be distributed dur-

ing search. A promising next step is therefore to investigate methods that

can combine them, or decide dynamically which form of search control should

dominate for a given instance or at a particular stage of the search. Such a

framework could make policy tree search both more flexible and more robust

across a wider range of problem types.

A second direction is to incorporate uncertainty more directly into search
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control. Chapter 4 showed that uncertainty estimates are useful when data

are scarce or censored, but the later methods in this thesis mostly use learned

predictions as point estimates. This could include developing models that sep-

arate aleatoric outcome variation from epistemic weight uncertainty and that

represent defective hitting-time distributions with both a success probability

and a conditional successful-trajectory-length model. Future work could study

how uncertainty can be integrated into the decision-making process itself, for

example by moderating restart decisions, influencing which generated sub-

goals should be trusted, or controlling how strongly rerooting should respond

to structural signals. This may be especially important in out-of-distribution

settings, where search guidance can otherwise become overconfident.

A third direction is to study richer forms of learned structure. This the-

sis considered two important forms: explicit subgoals and implicit rerooting

structure. Future work could investigate whether these ideas can be extended

to more abstract representations of problem structure, such as bottlenecks,

latent regions, or predictive models of future rerooting opportunities. More

generally, an important open question is when explicit hierarchical decomposi-

tion is worth its additional modelling cost, and when lower-overhead structural

redirection is the better choice. Answering this would require cost-aware se-

lection between mechanisms and more principled joint optimization of policy

learning and search-control decisions.

A fourth direction is to extend the framework developed here beyond the

first-solution deterministic setting emphasized in this thesis. The problems

considered here are particularly well suited to policy tree search because the

dominant issue is how to find any solution efficiently in a large search space.

It would be valuable to investigate how the same ideas transfer to settings in

which stochasticity, partial observability, or stronger solution-quality require-

ments play a larger role. Common evaluation protocols that account jointly for

solved and unsolved instances, together with guarantees for dynamic rerooters,

would make such comparisons more reliable. This would help determine how

broadly the principle of computation-aware search control applies beyond the

class of problems studied in this thesis.
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In closing, this thesis has argued that search control should be treated as a

learning problem in its own right. The methods developed here are one step in

that direction and motivate further study of better policies, heuristics, models,

and decisions about how computation itself is used.
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Appendix A

Supplementary Material for
Chapter 3

A.1 multiTS Bounds

Theorem 3.3.1 (Orseau et al. [78], Theorem 4, adapted). If π+
dmax

> 0, the

expected number of sampled transitions multiTS requires before returning a

(random) first-hitting goal node n∗ ∈ Gdmax ⊆ N g is bounded by

E [L(multiTS, n∗)] ≤ dmax

π+
dmax

. (3.5)

If π+
dmax

= 0, no finite bound of this form is possible.

Proof. Consider a single call to sample_trajectory(dmax) given in Algorithm 3.

By the sampling procedure in Algorithm 3 and its repeated use in Algorithm 4,

one trial follows the policy π from the root and stops as soon as a target node

in Gdmax is encountered, or else when the depth bound is exhausted.

For each n ∈ Gdmax , let En denote the event that the trial terminates at n.

These events are disjoint, because a single sampled trajectory can terminate

at only one first target node. Moreover, by definition of the policy over action

sequences,

Pr(En) = π(n).

Hence, the probability that one trial succeeds is

p =
∑︂

n∈Gdmax

Pr(En) =
∑︂

n∈Gdmax

π(n) = π+
dmax

.
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Let K be the number of independent trials until the first successful one.

Since each trial is an independent sample from the same policy and each suc-

ceeds with probability p = π+
dmax

, the random variable K follows a geometric

distribution with parameter π+
dmax

. Therefore,

E[K] =
1

π+
dmax

.

Now, consider the cost of each trial under the sampled-transition conven-

tion used in Section 3.3. A failed trial runs until the cutoff and therefore

samples at most dmax transitions, while a successful trial halts as soon as a

target node is reached and therefore samples at most dmax transitions. Thus,

if N denotes the total number of sampled transitions until success, then

N ≤ Kdmax.

Taking expectation gives

E[N ] ≤ dmaxE[K] =
dmax

π+
dmax

.

■

A.2 LubyTS Bounds

Orseau et al. [78] provide a bound on the expected running time when using

a restart strategy based on A6519.

Lemma A.2.1 (Orseau et al. [78], Theorem 5). For all distributions p over

halting times, the expected running time of the restarting strategy based on

A6519 is bounded by

min
t
t+

t

q(t)

(︃
log2

t

q(t)
+ 6.1

)︃
,

where q is the cumulative distribution of p.

The proof is given in [78]. This result can then be used to provide a bound

on the expected number of sampled transitions LubyTS requires before finding

a solution node.
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Theorem 3.3.2 (Orseau et al. [78], Theorem 6, adapted). The expected num-

ber of sampled transitions LubyTS requires before reaching a (random) first-

hitting goal node n∗ ∈ Gd ⊆ N g is bounded by

E[L(LubyTS, n∗)] ≤ min
d∈N1

π+
d >0

d+
d

π+
d

(︃
log2

d

π+
d

+ 6.1

)︃
. (3.6)

If there is no d such that π+
d > 0, then the policy assigns zero probability to

every finite-depth goal-reaching trajectory, and the theorem provides no finite

guarantee.

Proof. We follow a similar argument as in Theorem 3.3.1, except that instead

of fixing a single depth bound in advance, we wrap the sampling process into

the universal restart strategy A6519 from Lemma A.2.1.

Define a randomized program ρ as follows: starting from the root, repeat-

edly sample actions according to π until a target node is reached. Let p(t)

denote the probability that ρ halts at time t. By the same disjoint-events ar-

gument in Theorem 3.3.1, halting at time t means terminating at some target

node n ∈ N g with d(n) = t, thus

p(t) =
∑︂
n∈N g

d(n)=t, anc(n)∩N g=∅

π(n).

Let q(d) be the cumulative halting-time distribution:

q(d) :=
d∑︂
t=1

p(t).

Substituting the expression for p(t), we obtain

q(d) =
d∑︂
t=1

∑︂
n∈N g

d(n)=t, anc(n)∩N g=∅

π(n) =
∑︂
n∈Gd

π(n) = π+
d .

Lemma A.2.1 now applies directly, with π+
d substituted for q(d). ■
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A.3 LevinTS

A.3.1 LevinTS Bounds

Theorem 3.4.4 (Orseau et al. [78], Theorem 3, adapted). The number of node

expansions LTS requires before reaching the goal node with minimal Levin cost

n∗ ∈ N g is bounded by

L(LTS, n∗) ≤ 1 +
d(n∗)

π(n∗)
. (3.8)

Proof. Let C be the cost of the goal node n∗ ∈ N g expanded at time T , and

let NC be the set of descendants of the root node n1 with cost at most C.

Then,

|NC | = |{n : d
π
(n1 ≺ n) ≤ C}|

≤
∑︂

n∈L(NC)

d(n)

≤
∑︂

n∈L(NC)

π(n)C

≤ C

Therefore, the number of nodes expanded by LTS is bounded by |{n1}∪NC | ≤

1 + C. ■

A.3.2 LevinTS State Pruning

Theorem 3.4.5 (Orseau et al. [78], Theorem 2, adapted). Assume the search

problem is deterministic and the policy is state-based. Let n,m ∈ N be two

nodes that represent the same state s. Suppose that

d(m) ≤ d(n) and π(m) ≥ π(n).

Then n can be safely pruned for LTS: for every descendant n′ ∈ desc(n),

there exists a corresponding descendant m′ ∈ desc(m), obtained by following

the same action suffix from m that leads from n to n′, such that m′ and n′

represent the same state and d
π
(m′) ≤ d

π
(n′). In particular, if n′,m′ ∈ N g,

pruning n cannot remove a solution whose d
π

cost is smaller than all solutions

still reachable through m.
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Proof. Let n′ ∈ desc(n) be arbitrary, and let a1:k = (a1, . . . , ak) be the action

sequence from n to n′, where k = d(n′) − d(n) ≥ 0. Since n and m represent

the same state s and the search problem is deterministic, applying the same

action sequence a1:k from m yields a unique descendant m′ ∈ desc(m) with

n′ and m′ representing the same state s′. Moreover, because the policy is

conditioned only on the current state, the suffix path probability from these

equal states is the same. Hence

π(n′ | n) = π(m′ | m).

Let this common value be denoted by q. Then

π(n′) = π(n) q and π(m′) = π(m) q.

By assumption, π(m) ≥ π(n), so

π(m′) ≥ π(n′).

Likewise,

d(m′) = d(m) + k ≤ d(n) + k = d(n′).

Combining these inequalities gives

d
π
(m′) =

d(m′)

π(m′)
≤ d(n′)

π(n′)
= d

π
(n′).

Thus every descendant of n, and in particular every goal descendant of n,

has a corresponding descendant of m with the same represented state and no

larger Levin cost. Pruning n therefore cannot remove a solution that is strictly

better, in Levin cost, than all solutions still reachable through m. ■

Algorithm 15 depicts the lazy state pruning check, where nodes are uncon-

ditionally generated and are checked for pruning when the node is removed

from OPEN. If the node can be pruned, then the search continues to the next

iteration. If the node cannot be pruned, then it is added to CLOSED and

the rest of the BestFirstSearch procedure continues. The overhead for state

pruning is a map where the keys are the previously expanded states and the

values are the (d, π)-pairs.
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Algorithm 15 LTS State Prune Check
1: function can_prune(n, T )
2: ▷ T maps states to (d, π)-pairs ◁
3: (ds, πs)← (∞, 0)
4: if s(n) in T then
5: (ds, πs)← T [s(n)]
6: if ds ≤ d(n) and πs ≥ π(n) then
7: return true ▷ Safely prune
8: T [s(n)]← (d(n), π(n)) ▷ Save better result
9: return false

A.4 PHS

A.4.1 PHS Bounds

Theorem 3.4.7 (Orseau and Lelis [79], Theorem 1, adapted). Let ℓ be a

non-negative expansion-loss function and let η(·) ≥ 1 be any heuristic factor.

Let n∗ ∈ arg minn∈N g φ+(n) be a finite-cost goal node. Then the cumulative

expansion loss incurred by PHS before returning a solution is bounded by

L(PHS, n∗) ≤ gℓ(n
∗)

π(n∗)
η+(n∗)

∑︂
n′∈Lφ(n∗)

π(n′)

η+(n′)
. (3.13)

Proof. Since φ+(n) is non-decreasing from parent to child, the set Nφ(n) is a

rooted-prefix closed tree.

We first show that PHS expands no node outside Nφ(n) before expanding

n. Until n is expanded, there is always some frontier node u on the root-to-n

path. Since u ⪯ n, we have

φPHS(u) ≤ φ+(u) ≤ φ+(n).

Therefore, while n remains unexpanded, PHS has a frontier node of φPHS-value

at most φ+(n) available on the path to n.

Now suppose, for contradiction, that PHS expands a node v /∈ Nφ(n) before

expanding n. Since v /∈ Nφ(n), there exists an ancestor z ⪯ v such that

φPHS(z) > φ+(n).

The node z must be expanded before v can be generated or expanded. But

at the time z is selected, the path to n still contains a frontier node u with
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φPHS(u) ≤ φ+(n) < φPHS(z), contradicting the best-first ordering of PHS.

Hence every node expanded before n belongs to Nφ(n), and so

L(PHS, n) ≤ L(Nφ(n)).

Moreover, every node inNφ(n) lies on a root-to-leaf path to some leaf in Lφ(n),

so

Nφ(n) =
⋃︂

n′∈Lφ(n)

anc+(n
′).

Therefore,

L (Nφ(n)) = L

⎛⎝ ⋃︂
n′∈Lφ(n)

anc+(n
′)

⎞⎠ ≤ ∑︂
n′∈Lφ(n)

L(anc+(n
′)) =

∑︂
n′∈Lφ(n)

gℓ(n
′).

Using

φ+(n′) = η+(n′)
gℓ(n

′)

π(n′)
≤ φ+(n),

we obtain

gℓ(n
′) ≤ φ+(n)

π(n′)

η+(n′)
.

Summing over n′ ∈ Lφ(n) gives

L(PHS, n) ≤ φ+(n)
∑︂

n′∈Lφ(n)

π(n′)

η+(n′)
.

Since this holds for any n, it holds in particular for the returned solution n∗.

Substituting

φ+(n∗) = η+(n∗)
gℓ(n

∗)

π(n∗)

yields the stated bound. ■

Corollary 3.4.8 (Orseau and Lelis [79], Corollary 2, adapted). From Theo-

rem 3.4.7, if η(n) ≡ 1, then

L(PHS, n∗) ≤ gℓ(n
∗)

π(n∗)
. (3.14)
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Proof. If η(n) ≡ 1 for all n, then η+(n) ≡ 1 as well, and Theorem 3.4.7

simplifies to

L(PHS, n∗) ≤ gℓ(n
∗)

π(n∗)

∑︂
n′∈Lφ(n∗)

π(n′).

Since the leaf set Lφ(n∗) is prefix-free,
∑︁

n′∈Lφ(n∗) π(n
′) ≤ 1, and therefore

L(PHS, n∗) ≤ gℓ(n
∗)

π(n∗)
.

■

A.4.2 PHS State Pruning

Theorem 3.4.9 (Orseau and Lelis [79], Appendix G, adapted). Assume the

search problem is deterministic, the policy is state-based, and both the expansion-

loss function ℓ(·) and heuristic factor η(·) are state-based: for all nodes u, v ∈

N , if u and v represent the same state s, then ℓ(u) = ℓ(v) and η(u) = η(v).

Let m,n ∈ N be two nodes that represent the same state s. Suppose that

φPHS(m) ≤ φPHS(n) and π(m) ≥ π(n).

Then n is safely pruned for PHS: for every descendant n′ ∈ desc(n), there

exists a corresponding descendant m′ ∈ desc(m) such that m′ and n′ represent

the same state s′ and φPHS(m
′) ≤ φPHS(n

′).

Proof. Let n′ ∈ desc(n) be arbitrary. Since n and m represent the same state s

and the search problem is deterministic, applying fromm the same suffix action

sequence that leads from n to n′ yields a unique descendant m′ ∈ desc(m) such

that n′ and m′ represent the same state s′. Because the policy is state-based

and the two suffixes pass through the same sequence of represented states, the

suffix path probabilities are equal:

π(m′ | m) = π(n′ | n).

Let this common suffix probability be q. Similarly, because the expansion loss

is state-based, the cumulative expansion loss incurred along the two suffixes is

the same. Let this common suffix loss be ∆ ≥ 0. Then

π(m′) = π(m)q, π(n′) = π(n)q,

176



and

gℓ(m
′) = gℓ(m) + ∆, gℓ(n

′) = gℓ(n) + ∆.

The zero-probability cases are handled by the infinite-cost convention, so

consider the nontrivial case in which the relevant costs are finite. Since m

and n represent the same state and η is state-based, we have η(m) = η(n).

Therefore,

ϕPHS(m) ≤ ϕPHS(n) =⇒ gℓ(m)

π(m)
≤ gℓ(n)

π(n)
.

Moreover, π(m) ≥ π(n) implies

∆

π(m)
≤ ∆

π(n)
.

Combining these two inequalities gives

gℓ(m
′)

π(m′)
=
gℓ(m) + ∆

π(m)q
=

1

q

(︃
gℓ(m)

π(m)
+

∆

π(m)

)︃
≤ 1

q

(︃
gℓ(n)

π(n)
+

∆

π(n)

)︃
=
gℓ(n

′)

π(n′)
.

Finally, since m′ and n′ represent the same state and η is state-based, η(m′) =

η(n′). Hence

φPHS(m
′) = η(m′)

gℓ(m
′)

π(m′)
≤ η(n′)

gℓ(n
′)

π(n′)
= φPHS(n

′).

Thus every descendant of n has a corresponding descendant of m with the

same represented state and no larger PHS value. Therefore n may be safely

pruned. ■

Algorithm 16 depicts the lazy state pruning check, where nodes are uncon-

ditionally generated and are checked for pruning when the node is removed

from OPEN. If the node can be pruned, then the search continues to the next

iteration. If the node cannot be pruned, then it is added to CLOSED and

the rest of the BestFirstSearch procedure continues. The overhead for state

pruning is a map where the keys are the previously expanded states and the

values are retained (φPHS, π)-pairs. The pruning condition above applies to

PHS instantiations whose heuristic factor is state-based. It should not be

applied automatically to PHS∗, since ηPHS∗ depends on path-dependent quan-

tities such as gℓ(n) and π(n).
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Algorithm 16 PHS State Prune Check
1: function can_prune(n, T )
2: ▷ T maps states to (φPHS, π)-pairs ◁
3: (φs, πs)← (∞, 0)
4: if s(n) in T then
5: (φs, πs)← T [s(n)]
6: if φs ≤ φPHS(n) and πs ≥ π(n) then
7: return true ▷ Safely prune
8: T [s(n)]← (φPHS(n), π(n)) ▷ Update retained pair
9: return false

A.5
√

lts

To prove the subtask decomposition bound given in Theorem 3.4.18, we first

prove some intermediate results. Define the following:

c√lts(nk ≺ n) =
1

wk
d
π
(nk ≺ n), (A.1)

c√lts(n) = min
n1⪯nk≺n

c√lts(nk ≺ n). (A.2)

A.5.1
√

lts Simple Bound

Lemma A.5.1 (Orseau et al. [77], adapted). For every finite cost bound C ≥

0, at step T of the
√

lts search, the number of visited nodes of cost at most C

excluding the root n1 is bounded by

|{nt : t ≤ T, c√lts(nt) ≤ C}| ≤ w<TC. (A.3)
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Proof. Let A = |{nt : t ≤ T, c√lts(nt) ≤ C}|. Then,

A =

⃓⃓⃓⃓
{nt : 1 < t ≤ T, min

n1⪯nk≺nt

c√lts(nk ≺ nt) ≤ C}
⃓⃓⃓⃓

(1)

=

⃓⃓⃓⃓
⃓ ⋃︂
nk:k<T

{nt : t ≤ T, n1 ⪯ nk ≺ nt, c√lts(nk ≺ nt) ≤ C}

⃓⃓⃓⃓
⃓ (2)

=

⃓⃓⃓⃓
⃓⋃︂
k<T

{nt : t ≤ T, c√lts(nk ≺ nt) ≤ C}

⃓⃓⃓⃓
⃓ (3)

≤
∑︂
k<T

⃓⃓
{nt : t ≤ T, c√lts(nk ≺ nt) ≤ C}

⃓⃓
(4)

=
∑︂
k<T

⃓⃓⃓⃓
{nt : t ≤ T,

1

wk
d
π
(nk ≺ nt) ≤ C}

⃓⃓⃓⃓
(5)

=
∑︂
k<T

⃓⃓
{nt : t ≤ T, d

π
(nk ≺ nt) ≤ wkC}

⃓⃓
≤
∑︂
k<T

⃓⃓
{n : d

π
(nk ≺ nt) ≤ wkC}

⃓⃓
(6)

≤
∑︂

nk:k<T

wkC = w<TC, (7)

with

(1) Using Equation A.2,

(2) Using the logical fact that mink ak ≤ C ⇔ ∃k such that ak ≤ C, and

expressing this existential condition set-theoretically as a union over the

ancestor-indexed sets,

(3) Dropping the explicit ancestor condition; if nt is not a descendant of nk
then c√lts(nk ≺ nt) =∞ ≰ C,

(4) Union bound,

(5) Using Equation A.1,

(6) Relax from visited nodes nt such that t ≤ T , to all nodes n,

(7) Using the self-counting property (Equation 3.20).

■
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Theorem A.5.2 (Orseau et al. [77], adapted). The number T of nodes visited

by
√

lts upon visiting the node nT is such that

T ≤ 1 + w<T max
n1≺n⪯nT

c√lts(n).

Equivalently,

T ≤ 1 + max
n1≺n⪯nT

min
nk≺n

w<T
wk

d
π
(nk ≺ n).

Proof. To bound the number of node T , we need to first find a cost bound C

such that every node visited before nT has cost at most C. We will bound

the nodes visited by
√

lts excluding the root (since c√lts(n1) =∞), then will

include it after. Since c√lts is not monotone along a path, C ̸= c√lts(nT )

is general. A similar technique used in Equation 3.11 for the proof of Theo-

rem 3.4.7 allows for a monotone version to be used for analysis Let

C = max
n1≺n⪯nT

c√lts(n)

be the largest
√

lts cost that appears on the root-to-nT path, excluding the

root, and let nmax be the deepest ancestor on that path to nT that has cost at

most C. Best-first search always visits nodes in increasing cost order. Since

every node on the root-to-nmax path has cost at most C, there is always a

frontier node on that path with cost at most C until nmax is visited. Hence no

node with cost greater than C can be visited before nmax.

If nmax = nT , then we are done as the target node has already been reached

with cost C. Otherwise, if nmax ≺ nT , then there are nodes which were visited

between nmax and nT . Once BestFirstSearch visits nmax, the search queue

contains at least one node on the desired path whose cost is ≤ C. Therefore,

BestFirstSearch cannot choose a node of cost greater than C, because it

always chooses a minimum cost node from the queue. By induction, nT is

visited before any node of cost larger than C is visited.

Therefore, the root n1 is visited first regardless of cost, and every other
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visited node up to time T has cost at most C. Therefore,

T = |{n1}|+ |{nt : 1 < t ≤ T, c√lts(nt) ≤ C}|

≤ 1 + w<TC (Lemma A.5.1)

≤ 1 + w<T max
n1≺n⪯nT

c√lts(n). (Definition of C)

■

A.5.2
√

lts Subtask Decomposition Bound

Theorem 3.4.18 (
√

lts subtask bound, Orseau et al. [77], Corollary 12,

adapted). Let D(n∗) be the set of all such subtask decompositions of n∗. For

D ∈ D(n∗), the selected ancestors of n∗ are expanded at steps T1, T2, . . . , T|D|,

where necessarily T1 = 1 and T|D| = T . Then the number of search steps T

that
√

lts takes before visiting n∗ is bounded by

T ≤ 1 + min
D∈D(n∗)

max
i<|D|

w<T
wTi

d
π
(nTi ≺ nTi+1

) , (3.28)

where w<T =
∑︁

j<T wj is the cumulative rerooting weight of the nodes expanded

up to step T (excluded). The bound is finite for decompositions in which each

selected segment nTi ≺ nTi+1
has positive suffix probability π(nTi+1

| nTi) > 0

and positive rerooting weight wTi > 0.

Equivalently,

T ≤ 1 + w<T max
i<m

c√lts(nTi ≺ nTi+1
).

Proof. Let nmax ∈ arg maxn1≺n⪯nT
c√lts(n) by the node on the root-to-nT

path with the largest
√

lts cost. Consider an arbitrary subtask decomposition

n1 = nT1 ≺ nT2 ≺ · · · ≺ nTm = nT of nT . For the subtask decomposition from

n1 to nT , there exists some index j such that nmax lies in segment j:

nTj ≺ nmax ⪯ nTj+1
.
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Then,

max
n1≺n⪯nT

c√lts(n) = c√lts(nmax) (1)

= min
n1⪯nk≺nmax

c√lts(nk ≺ nmax) (2)

≤ c√lts(nTj ≺ nmax) (3)

≤ c√lts(nTj ≺ nTj+1
) (4)

≤ max
i<m

c√lts(nTi ≺ nTi+1
). (5)

Then using the above inequality into Theorem A.5.2,

T ≤ 1 + w<T max
n1≺n⪯nT

c√lts(n)

≤ 1 + w<T max
i<m

c√lts(nTi ≺ nTi+1
),

with

(1) By definition of nmax,

(2) By Equation A.2,

(3) Upper-bound the minimum by evaluating it at one specific ancestor,

namely nTj ,

(4) nmax ⪯ nTj+1
, and d

π
(nTj ≺ ·) is monotonically increasing from parent to

child, and therefore c√lts(nTj ≺ ·) is also monotone from parent to child,

(5) Upper-bound by the maximum over all segments.

■

Corollary 3.4.23 (Robust
√

lts guarantee, Orseau et al. [77], Corollary 17,

adapted). For every subtask decomposition, where the selected ancestors of n∗

are expanded at steps T1, T2, . . . , T|D|, where necessarily T1 = 1 and T|D| = T ,

the number of search steps T that
√

lts takes to visit n∗ when using robust

rerooting weights is bounded by

T ≤ 1 +

[︃
1 + ln

(︃
w̃<T
w̃1

)︃]︃
max
i<m

w̃≤Ti
w̃Ti

d
π
(nTi ≺ nTi+1

). (3.30)

The statement assumes the relevant reparameterized weights in the denomina-

tors are positive. If ˜︁wTi = 0 for a selected subtask root, that decomposition

gives an infinite contribution to the bound.
182



Proof. To use w̃ in the subtask decomposition bound, we need to find how wt,

w<T , and wTI relate to w̃. First, observe that

wt =
w̃t
w̃≤t

=
w̃≤t − w̃<t

w̃≤t
= 1− w̃<t

w̃≤t
= 1− 1

w̃≤t/w̃<t

≤ ln

(︃
w̃≤t

w̃<t

)︃
,

using the fact that for x ≥ 1,

1− 1

x
≤ ln(x).

Next, we use the telescoping property:

w<T = w1 +
T−1∑︂
t=2

wt

≤ w1 +
T−1∑︂
t=2

ln

(︃
w̃≤t

w̃≤(t−1)

)︃
(1)

= w1 + ln

(︃
w̃≤2

w̃≤1

)︃
+ ln

(︃
w̃≤3

w̃≤2

)︃
+ · · ·+ ln

(︃
w̃≤(T−2)

w̃≤(T−3)

)︃
+ ln

(︃
w̃≤(T−1)

w̃≤(T−2)

)︃
= 1 + ln

(︃
w̃<T
w̃1

)︃
, (2)

where (1) is due to w̃<t = w̃≤(t−1), and (2) is due to w1 = 1 and the telescoping

sum. Finally,

wTi =
w̃Ti
w̃≤Ti

⇒ 1

wTi
=
w̃≤Ti
w̃Ti

The factor in the bound now becomes

w<T
wTi

= w<T
w̃≤Ti
w̃Ti

≤
[︃
1 + ln

(︃
w̃<T
w̃1

)︃]︃
w̃≤Ti
w̃Ti

■

A.5.3
√

lts State Pruning

Definition 3.4.20 (Safely prunable node). A node nt visited at step t is safely

prunable if there exists a node nj with j < t such that s(nt) = s(nj) and for

each non-empty action sequence y such that n
˜
t (resp. n

˜
j) is the descendant of

nt (resp. nj) following y, with j <
˜
j and t <

˜
t, then φ√

lts(n
˜
j) ≤ φ√

lts(n
˜
t).

183



Theorem 3.4.21. Assume the search problem is deterministic, the policy is

state-based, and the rerooting weights are state-based: for all nodes ni, nj ∈ N ,

if s(ni) = s(nj), then wi = wj. Let nt be a node visited at step t. Suppose that

there exists a node nj with j < t such that s(nj) = s(nt) and that the following

holds: for every ancestor n˜︁t ≺ nt with ˜︁t < t, there exists an ancestor n˜︁j ≺ nj

with ˜︁j < j satisfying

d(nj)− d(n˜︁j) ≤ d(nt)− d(n˜︁t) ,
and w˜︁j π(nj | n˜︁j) ≥ w˜︁t π(nt | n˜︁t).

Then, nt is safely prunable for
√

lts. That is, for every descendant nt ≺ n
˜
t, if

n
˜
j is the descendant of nj obtained by following the same action suffix y from

nj as n
˜
t follows from nt, then n

˜
j and n

˜
t represent the same state, and

φ√
lts(n

˜
j) ≤ φ√

lts(n
˜
t).

Proof. Let y be any non-empty action suffix, and let n
˜
t and n

˜
j be the descen-

dants of nt and nj respectively by following y, where t <
˜
t and j <

˜
j. Since

s(nt) = s(nj) and the problem is deterministic, n
˜
t and n

˜
j represent the same

state. Let nt′ ≺ n
˜
t be an arbitrary ancestor of n

˜
t, where t′ <

˜
t. We need to

show that there exists an ancestor nj′ ≺ n
˜
j, where j′ <

˜
j, such that

d(n
˜
j)− d(nj′)

wj′π(n
˜
j | nj′)

≤
d(n

˜
t)− d(nt′)

wt′π(n
˜
t | nt′)

.

There are two cases:

Case 1: nt′ ≺ nt. Since nt′ ≺ nt, the assumption of the theorem yields an

ancestor nj′ ≺ nj such that

d(nj)− d(nj′) ≤ d(nt)− d(nt′) ,

and wj′ π(nj | nj′) ≥ wt′ π(nt | nt′).

Because n
˜
j and n

˜
t are obtained by following the same action suffix y from

equal states, the suffix contributes the same additional depth and the same
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conditional path probability on both sides. Hence

d(n
˜
j)− d(nj′) = (d(nj)− d(nj′)) + |y|

≤ (d(nt)− d(nt′)) + |y|

= d(n
˜
t)− d(nt′),

and

wj′ π(n
˜
j | nj′) = wj′ π(nj | nj′)π(n

˜
j | nj)

≥ wt′ π(nt | nt′)π(n
˜
t | nt)

= wt′ π(n
˜
t | nt′).

Combining both of the above yields

d(n
˜
j)− d(nj′)

wj′π(n
˜
j | nj′)

≤
d(n

˜
t)− d(nt′)

wt′π(n
˜
t | nt′)

.

Case 2: nt ⪯ nt′ ≺ n
˜
t. In this case, nt′ falls on the suffix from nt to n

˜
t. Let nj′

be the corresponding node on the suffix from nj to n
˜
j, i.e., the node reached

after the same number of suffix actions from nj as nt′ is from nt. Because the

problem is deterministic, s(nj′) = s(nt′). Since rerooting weights are state-

based, wj′ = wt′ . Also, the remaining suffix from nj′ to n
˜
j is the same as the

remaining suffix from nt′ to n
˜
t. Thus,

d(n
˜
j)− d(nj′) = d(n

˜
t)− d(nt′) ,

and π(n
˜
j | nj′) = π(n

˜
t | nt′).

Therefore,
d(n

˜
j)− d(nj′)

wj′π(n
˜
j | nj′)

=
d(n

˜
t)− d(nt′)

wt′π(n
˜
t | nt′)

.

Since nt′ ≺ n
˜
t was arbitrary, we have shown that for every candidate

rerooting ancestor of n
˜
t, there is a corresponding candidate rerooting ancestor

of n
˜
j with rooted cost no greater. Therefore,

min
nj′≺n

˜
j

d(n
˜
j)− d(nj′)

wj′π(n
˜
j | nj′)

≤ min
nt′≺n

˜
t

d(n
˜
t)− d(nt′)

wt′π(n
˜
t | nt′)

,
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that is,

φ√
lts(n

˜
j) ≤ φ√

lts(n
˜
t).

Since this holds for every suffix y, Definition 3.4.20 implies that nt is safely

prunable. ■

Algorithm 17 depicts the lazy state pruning check, where nodes are uncon-

ditionally generated and are checked for pruning when the node is removed

from OPEN. If the node can be pruned, then the search continues to the next

iteration. If the node cannot be pruned, then it is added to CLOSED and

the rest of the BestFirstSearch procedure continues. Unlike LTS and PHS,

safe duplicate pruning for
√

lts is not generally characterized by a single-node

dominance test. The reason is that φ√
lts(n) depends on the set of rerooting

points available along the ancestor chain of n. Accordingly, a node can be

pruned only when its entire ancestor chain is covered, in the sense of Defi-

nition 3.4.20, by the ancestor chains of the retained equal-state nodes. As a

result, the overhead for state pruning can be quite costly.
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Algorithm 17
√

lts State Prune Check
1: function CoveredByNode(nj, nj′ , nt, nt′)
2: ▷ nj′ ≺ nj and nt′ ≺ nt ◁
3: ∆dj = d(nj)− d(nj′), ∆dt = d(nt)− d(nt′)
4: ∆πj = π(nj | nj′), ∆πt = π(nt | nt′)
5: if ∆dj ≤ ∆dt and wj′∆πj ≥ wt′∆πt then
6: return true
7: return false
8: function WitnessDominates(nj, nt)
9: for all nt′ ≺ nt do

10: found ← false
11: for all nj′ ≺ nj do
12: if CoveredByNode(nj, nj′ , nt, nt′) then
13: found ← true
14: break
15: if found = false then
16: return false
17: return true
18: function can_prune(nt)
19: for all nj ∈ PreviousNodes(s(nt)) do
20: if WitnessDominates(nj, nt) then
21: return true
22: PreviousNodes(s(nt))← PreviousNodes(s(nt)) ∪ {nt}
23: return false
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Appendix B

Environments

All grid environments expose a channel-first state observation o(s) ∈ {0, 1}C×H×W .

Each discrete cell type has a separate binary channel, such as channels for the

agent, movable boxes, goal locations, walls, and other environment-specific

objects. The dimensions C, H, and W are determined by the observation

schema of the corresponding environment. These state observations, rather

than handcrafted instance features, are used by the convolutional models in

Chapters 5, 6, and 7.

B.1 Box-World

Box-World is a grid-based environment with coloured keys and locked boxes

[109]. Keys are consumed when used on a lock of the matching colour, with

the agent receiving a new key matching the colour of the box. The objective

Figure B.1: A Box-World game state. The agent in black needs to open
coloured locks (right pixel) to receive a coloured key (left pixel) until it gets
to the goal (white).
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is to open the designated goal box by opening the correct sequence of locks. If

the agent opens a corresponding lock on the wrong box, the resulting scenario

can become deadlocked. Box-World uses an open source problem generator 1

with a goal length of 5, and several distractor paths of length 3. A distractor

path is a sequence of key and locks which can be used by the agent, but does

not progress to the goal.

B.2 BoulderDash

BoulderDash is a grid-based environment that is modelled after the popular

games Boulder Dash and Emerald Mine. The agent must gather a number

of diamonds to unlock the exit door, and proceed to enter it. Diamonds can

be inside locked sub-rooms in which the corresponding key must be gathered

first. Various dirt elements exist, which disappear once the agent walks over

them, and can significantly increase the state-space size.

We use a custom environment and problem generator that generate prob-

lems by randomly placing the keys, diamonds, and an exit door 2. Varying

levels of difficulty can be created by placing different amount of dirt elements,

which increases the search space.

Figure B.2: A BoulderDash game state. The agent must get the green key to
unlock the room containing the diamond. Once the diamond is collected, the
exit in the bottom-right room will open.

1https://github.com/nathangrinsztajn/Box-World
2https://github.com/tuero/boulderdash_cpp
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B.3 CraftWorld

CraftWorld is a grid-based environment where the agent is in a room with

various raw materials and workbenches [5]. The agent can collect raw materials

to create tools. The goal of the level is to create a particular item, which often

requires multiple primary and secondary inputs.

We use a custom implementation and problem generator 3. The problem

generator is derived from the open-source level generator4, which follows the

procedure detailed by Andreas et al. (2017).

Figure B.3: A CraftWorld game state. The agent must create an iron pickaxe
to get the gem so that they can craft a ring.

B.4 Sokoban

Sokoban is a grid-based environment where the agent must push boxes onto

specified goal locations. The box can only be pushed; not pulled, so boxes

can get stuck on walls of the grid. Sokoban is PSPACE-hard [21]. We use a

custom implementation 5, and we use the Boxoban training and test problems

[41].

B.5 TSP GridWorld

TSP GridWorld is a grid-based environment where the agent must visit all

of the cities before returning back to the first city it visited. There are two
3https://github.com/tuero/craftworld_cpp_v2
4https://github.com/jacobandreas/psketch/tree/master
5https://github.com/tuero/sokoban_cpp
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Figure B.4: A Sokoban game state. The agent must push boxes to the goal
locations without getting boxes stuck in corners.

versions of this environment: the first allows the agent to revisit previous

cities, and the second will deadlock if the agent revisits a previously visited

city. The deadlocking version is more difficult, as it prevents trivial solutions

that correspond to sweeping across the state-space. The TSP is NP-hard [34].

TSP uses a custom implementation and problem generator 6, which ran-

domly places the agent starting location and the cities.

Figure B.5: A TSP GridWorld game state. The agent (black) must visit each
city (red) then return back to the first city (blue). The grey boxes are non-
traversable obstacles.

6https://github.com/tuero/tsp_cpp

191



Appendix C

Supplementary Material for
Chapter 4

Table C.1: Comparison of DistNet and Bayes DistNet, for various numbers of
observed runtimes per instance. Metrics are averaged across 10-folds, repeated
for multiple seeds. From left to right: NLLH, KL-Divergence, KS-Distance,
and percentage of density area outside the expected range of 0 to 1.5 times
the maximum observed runtime for each instance.

Scenario Num Samples Model Distribution NLLH KLD D-KS Mass

clasp_factoring 1 Bayes DistNet InverseGaussian 0.587± 0.089 0.590± 0.060 0.495± 0.035 0.284± 0.030
Lognormal 0.459± 0.123 0.508± 0.081 0.450± 0.043 0.226± 0.047

DistNet InverseGaussian 0.737± 0.205 0.770± 0.139 0.521± 0.042 0.295± 0.044
Lognormal 1.236± 0.557 1.061± 0.383 0.590± 0.051 0.403± 0.058

clasp_factoring 2 Bayes DistNet InverseGaussian 0.316± 0.180 0.419± 0.115 0.391± 0.057 0.171± 0.073
Lognormal 0.113± 0.165 0.295± 0.103 0.326± 0.050 0.092± 0.062

DistNet InverseGaussian 0.436± 0.152 0.565± 0.106 0.454± 0.038 0.231± 0.029
Lognormal 0.705± 0.137 0.691± 0.090 0.523± 0.041 0.348± 0.044

clasp_factoring 4 Bayes DistNet InverseGaussian −0.040± 0.060 0.203± 0.037 0.277± 0.021 0.037± 0.018
Lognormal −0.054± 0.051 0.196± 0.032 0.274± 0.015 0.032± 0.015

DistNet InverseGaussian 0.224± 0.065 0.412± 0.044 0.392± 0.026 0.180± 0.022
Lognormal 0.289± 0.213 0.431± 0.133 0.414± 0.069 0.198± 0.086

clasp_factoring 8 Bayes DistNet InverseGaussian −0.110± 0.021 0.160± 0.016 0.251± 0.012 0.021± 0.004
Lognormal −0.112± 0.025 0.160± 0.017 0.253± 0.012 0.019± 0.006

DistNet InverseGaussian −0.001± 0.202 0.275± 0.130 0.293± 0.069 0.077± 0.084
Lognormal −0.135± 0.022 0.192± 0.018 0.254± 0.012 0.014± 0.003

clasp_factoring 16 Bayes DistNet InverseGaussian −0.127± 0.023 0.149± 0.016 0.245± 0.014 0.018± 0.004
Lognormal −0.136± 0.022 0.145± 0.015 0.245± 0.012 0.014± 0.004

DistNet InverseGaussian −0.140± 0.096 0.207± 0.054 0.255± 0.035 0.019± 0.044
Lognormal −0.156± 0.022 0.179± 0.018 0.248± 0.013 0.010± 0.002

lpg-zeno 1 Bayes DistNet InverseGaussian 0.562± 0.167 0.923± 0.126 0.659± 0.060 0.174± 0.065
Lognormal 0.520± 0.292 0.901± 0.208 0.661± 0.066 0.126± 0.023

DistNet InverseGaussian 1.779± 1.106 1.835± 0.762 0.790± 0.073 0.438± 0.087
Lognormal 1.106± 0.368 1.290± 0.253 0.738± 0.065 0.488± 0.078

lpg-zeno 2 Bayes DistNet InverseGaussian 0.407± 0.316 0.827± 0.220 0.636± 0.079 0.107± 0.010
Lognormal 0.391± 0.369 0.823± 0.253 0.635± 0.082 0.085± 0.014

DistNet InverseGaussian 0.970± 0.700 1.281± 0.498 0.723± 0.088 0.333± 0.058
Lognormal 0.868± 0.403 1.154± 0.276 0.714± 0.070 0.378± 0.060

lpg-zeno 4 Bayes DistNet InverseGaussian −0.009± 0.234 0.605± 0.150 0.572± 0.049 0.050± 0.026
Lognormal −0.021± 0.422 0.612± 0.257 0.565± 0.060 0.043± 0.135

DistNet InverseGaussian 0.126± 0.136 0.702± 0.101 0.596± 0.035 0.219± 0.026
Lognormal 0.126± 0.303 0.716± 0.193 0.591± 0.057 0.143± 0.106

lpg-zeno 8 Bayes DistNet InverseGaussian −0.627± 0.183 0.217± 0.118 0.319± 0.139 0.003± 0.002
Lognormal −0.611± 0.192 0.232± 0.124 0.321± 0.145 0.002± 0.002

DistNet InverseGaussian −0.265± 0.093 0.438± 0.079 0.429± 0.074 0.139± 0.019
Lognormal −0.613± 0.239 0.266± 0.159 0.327± 0.137 0.013± 0.027

lpg-zeno 16 Bayes DistNet InverseGaussian −0.672± 0.119 0.186± 0.075 0.298± 0.117 0.001± 0.001
Lognormal −0.664± 0.127 0.197± 0.080 0.297± 0.124 0.001± 0.001

DistNet InverseGaussian −0.446± 0.120 0.350± 0.084 0.374± 0.079 0.073± 0.043
Lognormal −0.682± 0.160 0.234± 0.120 0.304± 0.119 0.000± 0.000
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Table C.2: Comparison of DistNet and Bayes DistNet, for various levels of cen-
soring, each with 8 observations per instance. Metrics are averaged across 10-
folds, repeated for multiple seeds. From left to right: NLLH, KL-Divergence,
KS-Distance, and percentage of density area outside the expected range of 0
to 1.5 times the maximum observed runtime for each instance.

Scenario Censoring (%) Model Distribution NLLH KLD D-KS Mass

clasp_factoring 0 Bayes DistNet InverseGaussian −0.110± 0.021 0.160± 0.016 0.251± 0.012 0.021± 0.004
Lognormal −0.112± 0.025 0.160± 0.017 0.253± 0.012 0.019± 0.006

DistNet InverseGaussian −0.001± 0.202 0.275± 0.130 0.293± 0.069 0.077± 0.084
Lognormal −0.135± 0.022 0.192± 0.018 0.254± 0.012 0.014± 0.003

clasp_factoring 20 Bayes DistNet InverseGaussian −0.078± 0.025 0.175± 0.017 0.257± 0.012 0.033± 0.006
Lognormal −0.095± 0.022 0.166± 0.016 0.254± 0.012 0.026± 0.005

DistNet InverseGaussian 0.087± 0.150 0.315± 0.099 0.333± 0.058 0.125± 0.064
Lognormal −0.103± 0.036 0.196± 0.020 0.264± 0.017 0.031± 0.015

clasp_factoring 40 Bayes DistNet InverseGaussian −0.055± 0.033 0.188± 0.021 0.264± 0.016 0.041± 0.010
Lognormal −0.087± 0.025 0.172± 0.017 0.257± 0.012 0.029± 0.007

DistNet InverseGaussian 0.167± 0.065 0.361± 0.040 0.372± 0.031 0.170± 0.031
Lognormal 0.058± 0.179 0.285± 0.102 0.329± 0.072 0.105± 0.086

clasp_factoring 60 Bayes DistNet InverseGaussian 0.059± 0.037 0.254± 0.022 0.302± 0.014 0.084± 0.014
Lognormal −0.037± 0.037 0.200± 0.022 0.275± 0.016 0.047± 0.013

DistNet InverseGaussian 0.227± 0.045 0.399± 0.030 0.409± 0.019 0.207± 0.019
Lognormal 0.395± 0.221 0.487± 0.134 0.455± 0.072 0.259± 0.091

clasp_factoring 80 Bayes DistNet InverseGaussian 0.372± 0.050 0.451± 0.033 0.418± 0.014 0.205± 0.020
Lognormal 0.285± 0.057 0.397± 0.036 0.397± 0.018 0.164± 0.021

DistNet InverseGaussian 0.345± 0.072 0.488± 0.051 0.459± 0.029 0.253± 0.028
Lognormal 0.663± 0.138 0.661± 0.090 0.545± 0.038 0.358± 0.045

lpg-zeno 0 Bayes DistNet InverseGaussian −0.627± 0.183 0.217± 0.118 0.319± 0.139 0.003± 0.002
Lognormal −0.611± 0.192 0.232± 0.124 0.321± 0.145 0.002± 0.002

DistNet InverseGaussian −0.265± 0.093 0.438± 0.079 0.429± 0.074 0.139± 0.019
Lognormal −0.613± 0.239 0.266± 0.159 0.327± 0.137 0.013± 0.027

lpg-zeno 20 Bayes DistNet InverseGaussian −0.509± 0.217 0.300± 0.141 0.347± 0.135 0.019± 0.020
Lognormal −0.561± 0.226 0.284± 0.138 0.328± 0.153 0.007± 0.009

DistNet InverseGaussian −0.158± 0.175 0.493± 0.122 0.465± 0.093 0.170± 0.041
Lognormal −0.505± 0.338 0.352± 0.186 0.343± 0.162 0.038± 0.074

lpg-zeno 40 Bayes DistNet InverseGaussian −0.155± 0.235 0.501± 0.158 0.446± 0.121 0.109± 0.033
Lognormal −0.214± 0.281 0.483± 0.184 0.432± 0.134 0.086± 0.032

DistNet InverseGaussian −0.000± 0.226 0.579± 0.155 0.525± 0.089 0.226± 0.053
Lognormal 0.139± 0.393 0.677± 0.244 0.540± 0.118 0.250± 0.117

lpg-zeno 60 Bayes DistNet InverseGaussian 0.234± 0.311 0.740± 0.207 0.541± 0.119 0.192± 0.042
Lognormal 0.201± 0.341 0.729± 0.225 0.529± 0.126 0.181± 0.045

DistNet InverseGaussian 0.194± 0.204 0.714± 0.141 0.596± 0.073 0.286± 0.046
Lognormal 0.487± 0.287 0.897± 0.186 0.630± 0.084 0.359± 0.068

lpg-zeno 80 Bayes DistNet InverseGaussian 0.993± 0.421 1.214± 0.277 0.684± 0.088 0.315± 0.054
Lognormal 0.926± 0.391 1.179± 0.259 0.677± 0.092 0.290± 0.049

DistNet InverseGaussian 2.663± 1.033 2.419± 0.698 0.774± 0.060 0.507± 0.081
Lognormal 1.330± 0.394 1.449± 0.260 0.757± 0.066 0.497± 0.074
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Appendix D

Supplementary Material for
Chapter 5

D.1 Shifted LubyTS Bound

Theorem 5.2.1. Let X ∈ N0 be a fixed shift, and let LubyTSX denote the

variant of LubyTS which samples rollout i to depth di = X + A6519(i). For

u ∈ N1, define

qX(u) := π+
X+u,

where π+
X+u is the probability that a policy-generated trajectory reaches a goal

within at most X + u steps. Then, under the sampled-transition convention

of Section 3.3, the expected number of sampled transitions LubyTSX requires

before returning some (random) first-hitting goal node n∗ ∈ GX+u ⊆ N g is

bounded by

E[L(LubyTSX , n∗)] ≤

min
u∈N1

qX(u)>0

[︃
u+

u

qX(u)

(︃
log2

u

qX(u)
+ 6.1

)︃
+
X 2⌈log2 u⌉

qX(u)

]︃
. (5.4)

Equivalently, since 2⌈log2 u⌉ ≤ 2u,

E[L(LubyTSX , n∗)] ≤ min
u∈N1

qX(u)>0

[︃
u+

u

qX(u)

(︃
log2

u

qX(u)
+ 6.1 + 2X

)︃]︃
. (5.5)

If there is no u such that qX(u) > 0, then the shifted schedule has no finite

success-probability depth to exploit, and the theorem provides no finite guaran-

tee.
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Proof. Fix u ∈ N1, and write q = qX(u) = π+
X+u. A rollout whose unshifted

A6519 component satisfies A6519(i) ≥ u has total depth at least X + u.

Therefore, such a rollout reaches a goal node in GX+u with probability at least

q. Rollouts with A6519(i) < u may also reach a goal because of the shift X,

but we ignore those possible successes in the analysis. This can only increase

the upper bound.

We decompose the cost of rollout X +A6519(i). First consider the contri-

bution from the A6519 part. Under the pessimistic process described above,

a rollout can succeed only when A6519(i) ≥ u, and each such rollout suc-

ceeds with probability at least q. From Lemma A.2.1, applying the A6519

universal-restart bound to this excess-depth process gives

E[excess-depth cost] ≤ u+
u

q

(︃
log2

u

q
+ 6.1

)︃
. (D.1)

It remains to account for the additional shift cost X, which is incurred on

every rollout. Let û := 2⌈log2 u⌉. By the structure of the A6519 sequence,

every consecutive block of û rollouts contains at least one rollout whose A6519

component is at least û, and hence at least u. Thus, conditioned on reaching

such a block, the probability that the block contains a successful rollout is at

least q. The expected number of blocks before success is therefore at most

1/q, and each block contains at most û rollouts. Hence, the expected number

of rollouts before success is at most

û

q
=

2⌈log2 u⌉

q
.

Since each rollout pays the additional shift cost X, the expected shift overhead

is at most
X 2⌈log2 u⌉

q
.

Combining the excess-depth cost and the shift overhead gives

E[L(LubyTSX , n∗)] ≤ u+
u

q

(︃
log2

u

q
+ 6.1

)︃
+
X 2⌈log2 u⌉

q
.

Substituting q = qX(u) = π+
X+u and minimizing over u ∈ N1 such that qX(u) >

0 proves the first claim. The second claim follows from 2⌈log2 u⌉ ≤ 2u for

u ≥ 1. ■
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Appendix E

Supplementary Material for
Chapter 6

E.1 Louvain Algorithm

As specified in Section 6.4.3, Louvain treats the directed generated-state graph

as undirected by ignoring transition directions; all resulting clustering edges

are unweighted.

A partition of a graph is a grouping of its nodes into mutually exclusive

groups called clusters. The modularity [61, 71] of a graph measures the relative

density of edges inside the clusters to outgoing edges. The modularity of a

cluster Qc is given by

Qc =
ΣC

in

2m
− ρ

(︃
ΣC

tot

2m

)︃2

, (E.1)

where ΣC
in is the total edge weight between nodes in cluster c, ΣC

tot is the sum

of weighted degrees of nodes in c (and therefore includes edges from c to other

clusters), m is the sum of all edge weights in the graph, and ρ > 0 is a balancing

parameter. The modularity of a graph G is then given by the sum of all cluster

modularities: Q =
∑︁

cQc. A clustering that maximizes the modularity of the

graph is one that has dense connections between nodes in the same clusters,

with sparse connections between each of the clusters.

It has been shown that finding a partition of a graph that maximizes the

modularity is NP-hard [14], so approximation algorithms are generally used.

The Louvain algorithm [11] is an iterative hierarchical graph clustering algo-

rithm. It works by first placing every node of the given graph G0 into its
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own cluster. Nodes are then moved into a neighbouring cluster iteratively if

it increases the overall modularity of the graph. This process stops once no

additional progress can be made. The result is a clustering over the graph,

which can then be used to create a new aggregate graph G1 as follows: clusters

of G0 become nodes in graph G1, and two nodes in G1 have an edge joining

them if there exists an edge that connects neighbouring clusters in G0. The

resulting graph G1 can then be used in this process again, which will produce

another aggregate graph G2, and so on until either the final graph has a single

node or the returned graph Gi+1 is the same graph as Gi (i.e., no nodes were

able to be moved to a different cluster). The result from this process is a

hierarchy of graph clusterings, in which earlier graphs contain many smaller

clusters which are then merged into fewer larger clusters.

The Louvain algorithm is given as pseudocode in Algorithm 18, which is

adapted from Evans and Şimşek [28].

E.2 Implementation and Machine Details

The algorithms and environment are implemented in C++, adhering to the

C++20 standard. The codebase 1 is compiled using the GNU Compiler Col-

lection version 13.3.0, and uses the PyTorch 2.4 C++ frontend [80]. Where

available, the official implementations of comparison methods are used. All

experiments were conducted on an Intel i9-7960X and Nvidia 3090, with 128GB

of system memory running Ubuntu 24.04.

E.3 Additional Experimental Details

In our experiments, PHS∗(πSG), LevinTS(πSG), PHS∗(π), LevinTS(π), and

WA* all use ResNet-based [44] networks. PHS∗(π) uses a single network with

two heads, one for the policy and one for the heuristic. For PHS∗(πSG),

we use separate networks for the conditional low-level policy, and a two-

headed network for the subgoal policy and global heuristic. LevinTS(πSG)

follows the same network structure, without the heuristic head. We use the
1https://github.com/tuero/subgoal-guided-policy-search
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Adam optimizer [51], with learning rate of 3E-4 and L2-regularization of 1E-4.

The policy and heuristic networks for PHS∗(π), LevinTS(π), PHS∗(πSG), and

LevinTS(πSG) both use 128 ResNet channels, with PHS∗(πSG) and LevinTS(πSG)

using half the number of blocks (4 versus 8) due to the fact that they have

both a low-level and high-level policy. The VQVAE subgoal generator uses a

codebook size of 4, a codebook dimension of size 128, and β = 0.25. Codebook

entries are updated using exponential moving averages of encoder assignments

with decay 0.99 and numerical stabilizer ϵ = 10−5, following the EMA variant

of Van Den Oord, Vinyals, et al. [105]. We use the open source implementa-

tion for HIPS-ε in our experiments2. We use ϵ = 1E-3 for all environments,

and use the version of HIPS-ε which assumes access to an environment dy-

namics model. All other hyperparameters follows the authors’ choices in their

Box-World experiments [58].

2https://github.com/kallekku/HIPS
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Algorithm 18 Louvain
1: Input: Base graph G0 = (V0, E0)
2: Output: Hierarchy of graph clusterings
3: for i = 0, 1, . . . do
4: Ci ← {{u} | u ∈ Vi} ▷ Initialize singleton cluster over each node.
5: Qold ←

∑︁
c∈Ci

(Σc
in/2m− ρ(Σc

tot)
2/(2m)2) ▷ Old modularity of Ci

6: repeat
7: for each u ∈ Vi do
8: ▷ Set of clusters with u removed from its current cluster ◁
9: C−u

i ← { c \ {u} | c ∈ Ci } \ {∅}
10: ▷ Set of candidate neighbouring clusters u can move into ◁
11: Ni(u)← { c ∈ C−u

i | ∃v ∈ c with (u, v) ∈ Ei }
12: ▷ Choose a best neighbouring cluster for u to move into ◁
13: c⋆ ∈ argmaxc∈Ni(u)∆Qi(u→ c)
14: if Ni(u) ̸= ∅ and ∆Qi(u→ c⋆) > 0 then
15: ▷ Move u into neighbour cluster if modularity increases ◁
16: Ci ←

(︁
C−u
i \ {c⋆}

)︁
∪ {c⋆ ∪ {u}}

17: until no change in Ci
18: Qnew ←

∑︁
c∈Ci

(Σc
in/2m− ρ(Σc

tot)
2/(2m)2) ▷ New modularity of Ci

19: if Qnew > Qold then
20: ▷ Parent graph Gi+1, where nodes are clusters from Gi. ◁
21: Vi+1 ← {c | c ∈ Ci}
22: Ei+1 ← {(ci, cj) | ci, cj ∈ Ci, ci and cj are neighbours in Ci}
23: Gi+1 ← (Vi+1, Ei+1)
24: else
25: break ▷ No further gain.
26: return (G0, . . . , GN)
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Appendix F

Supplementary Material for
Chapter 7

F.1 Proof of
√

lts-L Runtime

Theorem 7.4.1. Let N be the number of node expansions performed by
√

lts-L,

and let D be the maximum depth of any generated node after these expansions.

Assume that each expanded node generates at most b <∞ children, that suc-

cessor generation, policy lookup, colour lookup, and colour count updates take

O(1) time per generated node, and that the priority key of a generated node

can be computed from stored ancestor information in O(d(n)) time. Assume,

as an implementation-level runtime model consistent with the Leiden analysis

of Traag et al. [101], that a Leiden call on a graph G = (V,E) truncated to

a fixed hierarchy level k takes O(k|E|) time. If Leiden clustering is invoked

according to a geometric schedule with fixed factor γ > 1, then the runtime of
√

lts-L over N expansions is

O

(︃
bN log(bN) + bDN + kbN

γ

γ − 1

)︃
.

In particular, for fixed b, k, and γ, this is

O(N logN +DN).

If k grows with the graph hierarchy depth, the clustering term retains its explicit

factor k.

Proof. At expansion i, let Mi be the number of nodes in the priority queue.

Since each expansion removes one node and inserts at most b children, Mi ≤
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1 + (b − 1)i ≤ bN + 1. Removing the minimum-priority node therefore takes

O(logMi) time, and inserting the generated children takes O(b logMi) time.

For each generated child n, the
√

lts-L priority key is computed once, when

the node is inserted into the priority queue. This is valid because rerooting

weights are fixed once assigned, so later cluster updates do not change the

priorities of already generated frontier nodes. By assumption, this key compu-

tation takes O(d(n)) time from stored ancestor information. Since d(n) ≤ D,

the total non-clustering cost over N expansions is

O

(︄
N∑︂
i=1

(︁
(1 + b) logMi + bD

)︁)︄
= O(bN log(bN) + bDN) .

It remains to bound the clustering cost. Let the clustering calls occur at

steps r0, r1, . . . , rJ , where rj = ⌊γj⌋ up to constant factors and J = ⌊logγ N⌋.

At step rj, at most rj nodes have been expanded, and each expansion generates

at most b children. Hence the graph passed to Leiden contains at most O(brj)

generated edges. By the Leiden runtime assumption stated in the theorem,

the j-th Leiden call therefore costs

O(k|Ej|) = O(kbrj) = O(kbγj),

where Ej is the edge set of the graph clustered at the j-th call. Summing over

all calls up to step N gives

O

⎛⎝kb ⌊logγ N⌋∑︂
j=0

γj

⎞⎠ = O

(︃
kb
γ⌊logγ N⌋+1 − 1

γ − 1

)︃

= O

(︃
kbN

γ

γ − 1

)︃
.

For fixed k and fixed γ > 1, this clustering overhead is linear in bN , and

is dominated by the priority-queue term for N ≥ 2. Combining the non-

clustering and clustering costs gives the stated bound. ■
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F.2 Proof of Additive Rerooter Bound

Theorem 7.4.3. Let wa and wb be two rerooters, with relative weights ua, ub >

0. Let w = uawa+ ubwb be the rerooter used by
√

lts. When visiting the node

nT at step T , for any C ≥ 1 satisfying 1
C
≤ uawa,<T

ubwb,<T
≤ C, and provided the

component weights in the displayed ratios are positive, then the number of node

visits is bounded by

T ≤ 1 + (C + 1)× min
D∈D(nT )

max
i<|D|

min

{︃
wa,<T
wa,Ti

,
wb,<T
wb,Ti

}︃
crTi(nTi+1

). (7.7)

The degenerate case in which one coefficient is zero reduces to the correspond-

ing one-component rerooter and is not covered by this balanced-additive state-

ment.

Proof. Since the balance ratio is well-defined and bounded by C, we have

uawa,<T ≤ Cubwb,<T and ubwb,<T ≤ Cuawa,<T , so w<T = uawa,<T + ubwb,<T ≤

(C + 1)uawa,<T and also w<T ≤ (C + 1)ubwb,<T . Therefore,

w<T
wt

=
w<T

uawa,t + ubwb,t

≤ min

{︃
w<T
uawa,t

,
w<T
ubwb,t

}︃
≤ (C + 1)min

{︃
uawa,<T
uawa,t

,
ubwb,<T
ubwb,t

}︃
= (C + 1)min

{︃
wa,<T
wa,t

,
wb,<T
wb,t

}︃
.

Plugging this into the slenderness-cost analogue of Equation 3.28, obtained by

replacing each rooted Levin term d
π
(nTi ≺ nTi+1

) with the rooted slenderness

term crTi(nTi+1
), gives the result. ■

F.3 Implementation and Machine Details

The algorithms and environment are implemented in C++, adhering to the

C++23 standard. The code1 is compiled using the GNU Compiler Collection

version 15.2.0, and uses the PyTorch 2.7 C++ frontend [80]. The Leiden clus-

tering subroutine uses leidenalg2, an efficient open source implementation.
1https://github.com/tuero/siirlts2026
2https://github.com/vtraag/libleidenalg
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Where available, the official implementations of comparison methods are used.

All experiments used 8 threads for the bootstrap training and testing, and

were conducted on an Intel i9-7960X and Nvidia 3090, with 128GB of system

memory running Ubuntu 24.04.

F.4 Additional Experimental Details

During the online bootstrap training process, all algorithms start with an

initial budget of 4,000 node expansions. Batched inference is used during

training, where generated nodes are placed into a queue before sending to

the policy/heuristic networks for inference. A batch size of 32 is used, with

smaller batches being used if the open priority queue becomes empty before 32

additional nodes are generated. In our experiments, all algorithms use ResNet-

based [44] networks. Algorithms which use both a policy and heuristic use a

single network with two heads. The networks for WA∗,
√

lts-L,
√

lts-H and
√

lts-LH use 8 blocks of 128 ResNet channels, are trained using the Adam

optimizer [51], with learning rate of 3E-4 and L2-regularization of 1E-4. The

baselines LevinTS(πSG) and PHS∗(πSG) are trained following Tuero et al. [103]

and use the open source implementation.3

For
√

lts-L and
√

lts-LH, we use a graph update factor of γ = 1.2 for the

geometric schedule for when the Leiden clustering procedure is run. We use a

cluster level k = N , where N is the hierarchy depth returned at that clustering

invocation; the final available level is selected, with no rounding required. This

experimental choice is distinct from the fixed-k assumption used to simplify the

asymptotic runtime statement; under the fixed search budget, each clustered

graph has finite size and depth. For
√

lts-H and
√

lts-LH, we use α = 10 for

the inverse-temperature heuristic parameter, selected a priori from expected

solution-length scales rather than from validation or test performance. The

later ablation is descriptive and does not determine this value. All reported

results use ua = ub = 1 for
√

lts-LH. For a sensitivity analysis on having

balanced rerooters, see Section 7.5.7.

3https://github.com/tuero/subgoal-guided-policy-search
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F.5 Complete Training Results
Table F.1: Average online training loss with respect to expansions and ag-
gregate computation time. Aggregate computation time measures the sum of
the time an algorithm spends on each problem across all threads used during
training, in hours.

Algorithm Expansions Time Solved

BoulderDash

WA∗ 652,027,388.80 122.87 9,966.60
LTS 1,462,860,716.80 278.12 106.00
LevinTS(πSG) 259,846,338.00 104.19 9,999.60
PHS∗(πSG) 94,266,331.60 35.12 10,000.00
√

lts-L 128,970,198.60 32.57 9,996.00√
lts-H 24,154,363.00 7.46 9,999.40√
lts-LH 28,257,820.80 8.47 9,995.80

CraftWorld

WA∗ 456,670,096.60 155.71 9,847.40
LTS 804,101,431.20 277.91 315.00
LevinTS(πSG) 422,689,637.00 278.07 434.20
PHS∗(πSG) 252,454,918.60 153.53 9,998.20
√

lts-L 479,154,851.00 257.24 9,507.40√
lts-H 164,845,073.20 60.20 9,939.40√
lts-LH 155,766,283.20 48.51 9,925.00

Sokoban

WA∗ 131,496,170.40 18.77 47,411.80
LTS 172,870,658.20 29.86 47,378.00
LevinTS(πSG) 233,050,490.80 69.79 47,226.20
PHS∗(πSG) 127,096,718.60 38.15 47,452.00
√

lts-L 170,776,344.60 34.91 47,564.20√
lts-H 100,488,660.60 17.89 47,798.60√
lts-LH 95,196,226.80 17.88 47,756.60

TSP (GridWorld)

WA∗ 2,059,512,675.20 258.51 4,000.60
LTS 1,654,329,587.60 226.23 9,999.60
LevinTS(πSG) 122,659,044.00 41.26 10,000.00
PHS∗(πSG) 22,764,606.80 7.21 10,000.00
√

lts-L 67,925,838.20 13.91 10,000.00√
lts-H 693,847,701.00 53.30 10,000.00√
lts-LH 13,481,743.40 3.33 10,000.00
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